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MINIMAL MODELS OF RATIONAL ELLIPTIC CURVES
WITH NON-TRIVIAL TORSION
ALEXANDER J. BARRIOS
Abstract. In this paper, we revisit results of Frey and Flexor-Oesterle´ pertaining to the
primes at which an elliptic curve over a number field K with a non-trivial K-torsion point
can have additive reduction. Specifically, we study fourteen families of elliptic curves and use
these to give an explicit proof of Flexor-Oesterle´’s Theorem in the case when K is a number
field with class number one. The explicit nature of the results leading up to this proof allows
us to classify the minimal discriminants of all rational elliptic curves with a non-trivial torsion
subgroup and provide equations for their global minimal model. We conclude by using this
classification to find necessary and sufficient conditions to determine the primes at which such
a curve has additive reduction.
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1. Introduction
The two-parameter family of elliptic curves F (a, b) : y2 = x (x+ a) (x− b), known as the Frey
curve, has the property that if a and b are relatively prime integers, then the minimal discriminant
∆minF of the rational elliptic curve F = F (a, b) is easily computable [13]. In fact,
(1.1) ∆minF = u
−12 (4ab (a+ b))2 where u =
{
2 if a ≡ 0 mod 16 and b ≡ 3 mod 4
1 otherwise.
Moreover, F is a global minimal model for F if u = 1 and
F ′ : y2 + xy = x3 +
a− b− 1
4
x2 − ab
16
x
is a global minimal model for F if u = 2. We also have that F is semistable at all odd primes and
has additive reduction at 2 if and only if u = 1. In this paper, we study fourteen parameterized
families of elliptic curves with the property that if E is a rational elliptic curve with a non-trivial
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torsion subgroup, then E is Q-isomorphic to an elliptic curve occurring in one of these families.
For each of these families, we prove results analogous to those mentioned above for the Frey
curve which, in turn, allows us to classify the minimal discriminants of all rational elliptic curves
with a non-trivial torsion subgroup.
More precisely, let E be an elliptic curve over a number field K. The Mordell-Weil Theorem
states that the group E(K) of rational points on E is finitely generated and thus E(K) ∼=
E(K)tors × Zr where E(K)tors is the torsion subgroup of E(K) and r is a non-negative integer.
Over Q, Mazur’s Torsion Theorem [10] states that there are exactly 15 possible torsion subgroups
E(Q)tors and the parameterization of the corresponding modular curves X1(N) and X1(2, N)
are well known [9, Table 3]. We use these parameterizations in section 2 to construct fourteen
families of elliptic curves ET where T is one of the fourteen non-trivial torsion subgroups allowed
by Mazur’s Torsion Theorem. These families have the property that if the parameters of ET are
elements of a field K, then T →֒ ET (K)tors. Conversely, if E is an elliptic curve over K with
T →֒ E(K)tors, then E is K-isomorphic to ET for some parameters contained inK. In particular,
the Frey curve is a special case of our 3-parameter family of elliptic curves ET for T = C2 × C2
where CN denotes the cyclic group of N elements. In section 3, we study the discriminant ∆
and the invariants c4 and c6 of ET to prove the following result for elliptic curves over number
fields with class number 1.
Theorem 1. Let E be an elliptic curve over a number field K with class number one and let
RK denote its ring of integers. Suppose further that the j-invariant of E is not 0 or 1728 and
that T →֒ E(K) for one of the T occurring the table below. If E has additive reduction at a
prime p of K, then the residue characteristic of p is a rational prime in the set S given below
T C3 C4 C5 C6 C7 C8 C9 C10
S {2, 3} ∪ Sa {2} ∪ Sa {5} {2, 3} {7} {2} {3} {5}
T C12 C2 × C4 C2 × C6 C2 × C8
S {2, 3} {2} {2, 3} {2}
where Sa = {p a prime | p divides |RK/aRK |} for some a ∈ RK .
This is Theorem 3.3 and as a consequence, we attain a special case of a result of Frey [6]
and Flexor-Oesterle´ [5]. Specifically, Frey proved that if E(K) contains a point of order ℓ for
ℓ a prime greater than 3, then E is semistable at all primes p of K whose residue field has a
characteristic different from ℓ. Flexor and Oesterle´ showed that if E(K) contains a point of order
N and E has additive reduction at a prime p of K whose residue characteristic does not divide
N , then N ≤ 4. Moreover, if E has additive reduction at at least two primes of K with different
residue characteristics, then N divides 12. The proof of these results and their generalizations
[11] rely on knowledge of the Ne´ron model of E. We show that Theorem 1 implies Flexor and
Oesterle´’s Theorem under the assumption that K is a number field with class number one and
E is an elliptic curve with j-invariant not equal to 0 or 1728.
In section 4, we restrict our attention to rational elliptic curves with a non-trivial torsion
subgroup. Understanding the minimal discriminants of these elliptic curves is equivalent to
understanding the minimal discriminants of the parameterized elliptic curves ET . Our main
result is a classification of the minimal discriminants for the curves ET which generalizes the
aforementioned result of the Frey curve (1.1).
Theorem 2. There are necessary and sufficient conditions on the parameters of ET which
uniquely determine the minimal discriminant.
This is Theorem 4.4 and section 5 is devoted to its proof. In addition to an easily computable
minimal discriminant, the Frey curve comes equipped with a global minimal model based on its
parameters as well as information pertaining to the primes at which it has additive reduction. We
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consider analogs of these two statements in sections 6 and 7, respectively and prove the following
two results.
Theorem 3. There are sufficient conditions on the parameters of ET to determine a global
minimal model for ET .
Theorem 4. There are necessary and sufficient conditions on the parameters of ET to determine
the primes at which ET has additive reduction.
Theorems 3 and 4 are Theorems 6.1 and 7.1, respectively. We conclude this paper with some
corollaries of Theorem 2 for rational elliptic curves with a non-trivial torsion subgroup as well as
some examples.
1.1. Notation and Terminology. We say E is defined over a field K if E is given by an (affine)
Weierstrass model
(1.2) E : y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6
where each aj ∈ K. From the Weierstrass coefficients, one defines the quantities
(1.3)
c4 = a
4
1 + 8a
2
1a2 − 24a1a3 + 16a22 − 48a4
c6 = −
(
a21 + 4a2
)3
+ 36
(
a21 + 4a2
)
(2a4 + a1a3)− 216
(
a23 + 4a6
)
∆ =
c3
4
−c2
6
1728 and j =
c3
4
∆ .
We call ∆ the discriminant of E and the assumption that E is an elliptic curve is equivalent to
∆ 6= 0. We call the quantities c4 and c6 the invariants associated to the Weierstrass model of E.
In particular, we have the identity 1728∆ = c34− c26. An elliptic curve E′ is K-isomorphic to E if
E′ arises from E via the admissible change of variables x 7−→ u2x+ r and y 7−→ u3y+ u2sx+w
for u, r, s, w ∈ K and u 6= 0. Moreover, let ∆′, j′, c′4, and c′6 denote the quantities associated to
the Weierstrass model for E′. Then
∆′ = u−12∆, j′ = j, c′4 = u
−4c4, c
′
6 = u
−6c6.
Now suppose K is a number field with ring of integers RK . We say E is given by an integral
Weierstrass model if each ai ∈ RK . We say E is a rational elliptic curve if E is defined over Q.
Each rational elliptic curve E is Q-isomorphic to an elliptic curve given by a global minimal model
of the form (1.2) with each aj ∈ Z and |∆| is minimal over all Q-isomorphic elliptic curves to E.
We call the discriminant associated to a global minimal model of E the minimal discriminant of
E and denote it by ∆minE . If a prime p divides gcd
(
c4,∆
min
ET
)
where c4 is associated to a global
minimal model of E, then E is said to have additive reduction at p. If this is not the case, then
E is semistable at p and we say E is semistable if it is semistable at all primes.
2. Parameterization of Certain Elliptic Curves with non-Trivial Torsion
Let K be a number field with ring of integers RK and let E be the elliptic curve given by the
Weierstrass model
(2.1) E : y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6
where each ai ∈ K. Suppose further that P = (a, b) ∈ E(K) is a torsion point of order N . Then
the admissible change of variables x 7−→ x− a and y 7−→ y− b results in a K-isomorphic elliptic
curve with P translated to the origin. In particular, we may assume that a6 = 0 in (2.1) and
that P = (0, 0).
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2.1. Point of Order N = 2. First suppose N = 2, so that P = −P . By [13, III.2.3], −P =
(0,−a3) and so a3 = 0. The admissible change of variables x 7−→ u2x and y 7−→ u3y + u2sx
with u = (2a1)
−1
and s = −a12 results in a K-isomorphic elliptic curve given by the Weierstrass
model
y2 = x3 +
(
a41 + 4a
2
1a2
)
x2 + 16a41a4x.
As a result, if E is an elliptic curve over K with a torsion point of order 2, we may assume that
E is given by the Weierstrass model
E : y2 = x3 + a2x
2 + a4x
where each ai ∈ K. In fact, we may assume that a2, a4 ∈ RK since the admissible change of
variables x 7−→ u−2x and y 7−→ u−3y results in the Weierstrass model
y2 = x3 + a2u
2x2 + a4u
4x.
Note that if a22 − 4a4 is a square in RK , then x2 + a2x + a4 = (x+ α) (x+ β) for some
α, β ∈ RK . In particular, we observe that E has full 2-torsion in K if and only if a22 − 4a4 is a
square since (−α, 0) is a torsion point of order 2.
Lemma 2.1. Let K be a number field with class number equal to 1. Let E be an elliptic curve
over K with a K-rational torsion point P of order 2. Suppose further that E does not have full
2-torsion over K. Then E is K-isomorphic to the elliptic curve
EC2(a, b, d) : y
2 = x3 + 2ax2 +
(
a2 − b2d)x
for some a, b, d ∈ RK with d 6= 1, b 6= 0 such that gcd(a, b) and d are squarefree.
Proof. By the above discussion, we may assume that E is given by the Weierstrass model
E : y2 = x3 + a2x
2 + a4x
with a2, a4 ∈ RK and P = (0, 0).
Since E[2] 6 →֒ E(K), we have that a22 − 4a4 is not a square in RK . Then
x3 + a2x
2 + a4x = x (x− θ1) (x− θ2)
with θ1 = a + b
√
d and θ2 = a − b
√
d for some a, b ∈ K with b 6= 0 and d ∈ RK squarefree.
Therefore
E : y2 = x3 + 2ax2 +
(
a2 − b2d)x.
We may further assume that a, b ∈ RK since the admissible change of variables x 7−→ u−2x and
y 7−→ u−3y results in the K-isomorphic elliptic curve
y2 = x3 + 2au2x2 + u4
(
a2 − b2d)x.
Now suppose gcd(a, b) = g2h with h squarefree. Then the admissible change of variables x 7−→
g2x and y 7−→ g3y results in the K-isomorphic elliptic curve
y2 = x3 +
2ax2
g2
+
(
a2 − b2d)
g4
x.
In particular, we may assume that gcd(a, b) and d are squarefree, which completes the proof. 
Lemma 2.2. Let K be a number field with class number equal to 1. Let E be an elliptic curve
over K with a K-rational torsion point P of order 2. Suppose further that E has full 2-torsion
over K. Then E is K-isomorphic to the elliptic curve
EC2×C2 = EC2×C2(a, b, d) : y
2 = x3 + (ad+ bd)x2 + abd2
for some non-zero a, b, d ∈ RK such that gcd(a, b) = 1 and d is squarefree.
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Proof. By the above discussion, we may assume that E is given by the Weierstrass model
E : y2 = x3 + a2x
2 + a4x
with a2, a4 ∈ RK and P = (0, 0).
Since E[2] →֒ E(K),
x3 + a2x
2 + a4x = x (x+A) (x+B)
= x3 + (A+B)x+ABx
for non-zero A,B ∈ RK . Now suppose that gcd(A,B) = g2d with d squarefree. Then the
admissible change of variables x 7−→ g2x and y 7−→ g3y results in the K-isomorphic elliptic curve
y2 = x3 +
(A+B)
g
x+
AB
g2
x
and so we may assume that gcd(A,B) = d. Then A = ad and B = bd for some a, b ∈ RK with
gcd(a, b) = 1 which gives the lemma. 
Remark 2.3. If we omit the condition that K has class number equal to 1, then Lemma 2.1 (resp.
Lemma 2.2) still holds with the omission that gcd(a, b) is squarefree (resp. gcd(a, b) = 1).
2.2. Point of Order N = 3. Now suppose E is an elliptic curve over K with a K-rational
torsion point P of order N ≥ 3. By the above we may assume E is given by the Weierstrass
model
(2.2) E : y2 + a1xy + a3y = x
3 + a2x
2 + a4x
with P = (0, 0) the point of order N .
Lemma 2.4. Let E be given by the Weierstrass model (2.2) and P = (0, 0) a torsion point of
order N .
(i) If N ≥ 3, then a3 6= 0 and, after a change of coordinates, we can suppose a4 = 0.
(ii) If a3 6= 0 and a4 = 0, then P is of order 3 if and only if a2 = 0.
Proof. See [1, Lemma 1.1]. 
Corollary 2.5. Let E be an elliptic curve over K with a K-rational torsion point of order 3. If
the j-invariant of E is non-zero, then E is K-isomorphic to the elliptic curve
Xt(C3) : y2 + xy + ty = x3
for some t ∈ K×.
Proof. By Lemma 2.4, we may assume that E is given by the Weierstrass model
E : y2 + a1xy + a3y = x
3.
Since c4 = a1
(
a31 − 24a3
)
and the j-invariant of E is 0 if and only if the invariant c4 = 0, we
may assume that a1 6= 0 and a31 − 24a3 6= 0. The admissible change of variables x 7−→ a21x and
y 7−→ a31y results in the K-isomorphic elliptic curve
y2 + xy +
a3
a31
y = x3
and so we may take t = a3
a3
1
which completes the proof. 
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2.3. Point of Order N ≥ 4 and Modular Curves. For an integer N ≥ 2, the modular curve
X1(N) (with cusps removed) parameterizes isomorphism classes of pairs (E,P ) where E is an
elliptic curve and P is a torsion point of order N on E. Two isomorphism classes of pairs (E,P )
and (E′, P ′) are isomorphic if there exists an isomorphism ϕ : E → E′ such that ϕ(P ) = P ′
[12]. If ϕ is a K-isomorphism for some field K, we say that the pairs (E,P ) and (E′, P ′) are
K-isomorphic and the K-isomorphism class of the pair (E,P ) is a K-rational point of X1(N).
We denote the set of K-rational points of X1(N) by X1(N)(K).
Lemma 2.6 (Tate Normal Form). Let K be a field and let E be an elliptic curve over K with
a K-rational torsion point of order N ≥ 4. Then every K-isomorphism class of pairs (E,P )
with E an elliptic curve over K and P ∈ E(K) a torsion point of order N contains a unique
Weierstrass model
(2.3) ETNF : y
2 + (1− g)xy − fy = x3 − fx2
with f ∈ K× and g ∈ K. We call ETNF the Tate Normal Form of E.
Proof. See [1, Proposition 1.3]. 
A consequence of Lemma 2.6 is that the non-cuspidal points of X1(N)(K) for N ≥ 4 are in
one-to-one correspondence with the set of K-isomorphism classes of pairs (ETNF, (0, 0)) where
ETNF is an elliptic curve over K given by a Tate normal form and (0, 0) is its point of order N .
For an integer M ≥ 1, the modular curve X1(2, 2M) parameterizes isomorphism classes of
triples (E,P,Q) where E is an elliptic curve and 〈P,Q〉 ∼= C2×C2M with e(P,M ·Q) = ζ2 where
e2 is the Weil pairing [13, III.8]. It is well known that the modular curve X1(N) and X1(2, 2M)
has genus 0 if N = 2, 3, . . . , 10, 12 or M = 1, 2, 3, 4 [3, Proposition 3.7]. For N = 4, 5, . . . , 10, 12
or M = 2, 3, 4 these modular curves are fine moduli spaces and are parameterizable by a single
parameter t [9, Table 3]. More precisely, for these values of N and M , we consider the abelian
groups T = CN and T = C2×C2M where Cn denotes the cyclic group of order n. For t ∈ P1, define
Xt as the mapping which takes T to the elliptic curve Xt(T ) where the Weierstrass model of Xt(T )
is given in Table 11. Then Xt(T ) is a one-parameter family of elliptic curves with the property
that if t ∈ K for some field K, then Xt(T ) is an elliptic curve over K and T →֒ Xt(T )(K)tors. The
Weierstrass model of Xt(T ) is known as the universal elliptic curve overX1(N) (resp. X1(2, 2M))
if T = CN (resp. T = C2 × C2m). The following Proposition summarizes this discussion for the
eleven groups T considered above.
Proposition 2.7. Let K be a field. If t ∈ K such that Xt(T ) is an elliptic curve, then T →֒
Xt(T )(K). Moreover, if E is an elliptic curve over K with T →֒ E(K), then there is a t ∈ K
such that E is K-isomorphic to Xt(T ).
2.4. The Elliptic Curves ET (a, b) and ET (a, b, d). Mazur’s Torsion Theorem [10] states
that there are fifteen possibilities for the torsion subgroup of a rational elliptic curve.
Theorem 2.8 (Mazur’s Torsion Theorem). Let E be a rational elliptic curve. Then
E(Q)
tors
∼=
{
CN for N = 1, 2, . . . , 10, 12
C2 × C2N for N = 1, 2, 3, 4.
For the fourteen non-trivial torsion subgroups T allowed by Theorem 2.8, let ET be the elliptic
curve defined in Table 4. Then for T = C2, C2 × C2, ET = ET (a, b, d) is the three parameter
family of elliptic curves which was the subject of Lemmas 2.1 and 2.2. For T = C3, let Xt(T )
denote the elliptic curve defined in Corollary 2.5 and for the remaining T ’s let Xt(T ) be as defined
1Our parameterizations differ slightly from [9, Table 3]. We instead use [7, Table 3] which expands the implicit
expressions for the parameters b and c in [9, Table 3] to express the universal elliptic curves in terms of a single
parameter t.
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Table 1. Universal Elliptic Curve Xt(T )
Xt(T ) : y2 + (1− g)xy − fy = x3 − fx2
f g T
t 0 C4
t t C5
t2 + t t C6
t3 − t2 t2 − t C7
2t3 − 3t+ 1 2t2−3t+1t C8
t5 − 2t4 + 2t3 − t2 t3 − t2 C9
2t5−3t4+t3
(t2−3t+1)2
−2t3+3t2−t
t2−3t+1 C10
12t6−30t5+34t4−21t3+7t2−t
(t−1)4
−6t4+9t3−5t2+t
(t−1)3
C12
4t2 + t 0 C2 × C4
−2t3+14t2−22t+10
(t+3)2(t−3)2
−2t+10
(t+3)(t−3) C2 × C6
16t3+16t2+6t+1
(8t2−1)2
16t3+16t2+6t+1
2t(4t+1)(8t2−1) C2 × C8
in Table 1. For T 6= C2, C2 × C2, we show that ET = ET (a, b) is K-isomorphic to Xb/a(T ). For
the following lemma, let αT , βT , and γT be as defined in Tables 5, 6, and 7, respectively.
Lemma 2.9. Let K be a number field and let RK denote its ring of integers. Then for T 6=
C2, C2 × C2, the elliptic curves Xb/a(T ) and ET = ET (a, b) are K-isomorphic for a, b ∈ RK .
Moreover, the discriminant of ET is γT and the invariants c4 and c6 of ET are αT and βT ,
respectively.
Proof. Let
uT =


a if T = C3, C4, C5, C6, C2 × C4
a2 if T = C7
ab if T = C8
a3 if T = C9
a
(
a2 − 3ab+ b2) if T = C10
a (−a+ b)3 if T = C12
−9a2 + b2 if T = C2 × C6
2b (a+ 4b)
(−a2 + 8b2) if T = C2 × C8.
Then the admissible change of variables x 7−→ u−2T x and y 7−→ u−3T y gives a K-isomorphism from
Xb/a(T ) onto ET = ET (a, b). It is now verified via the formulas in (1.3) that the discriminant of
ET is γT and that the invariants c4 and c6 of ET are αT and βT , respectively. 
3. Explicit Frey and Flexor-Oesterle´
Let ET be the elliptic curve defined in Table 4. In the previous section, we saw that these
families of elliptic curves parameterize all elliptic curves over K with T →֒ E(K) where T 6=
C2, C3, C2×C2 is one of the remaining eleven non-trivial torsion subgroups allowed by Theorem
2.8. This holds for T = C3 under the assumption that C3 →֒ E(K) with E having non-zero
j-invariant. We also saw that if K has class number one, then ET = ET (a, b, d) parameterizes
all elliptic curves over K with T →֒ E(K) where T = C2, C2 × C2 and for T = C2 it is assumed
that E does not have full 2-torsion. Moreover, the discriminant of ET is given by γT and the
invariants c4 and c6 are αT and βT , respectively. In the following lemma, we consider αT , βT , γT
as polynomials in S = Z [a, b, d, r, s].
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Lemma 3.1. Let αT , βT , γT be as given in Tables 5, 6, and 7, respectively. Then for each T ,
the identity α3T − β2T = 1728γT holds in S and there exist let µ(j)T , ν(j)T ∈ S for j = 1, 2, 3 such
that the following identities hold in S:
µ
(1)
T αT + ν
(1)
T βT µ
(2)
T αT + ν
(2)
T γT µ
(3)
T βT + ν
(3)
T γT T
2832
(
rb4d2 + sa3
)
210
(
rb6d3 + sa6
)
212
(
rb8d4 + sa7
)
C2
2633a3
(
ra3 + sb3
)
21536a3
(
ra9 + sb9
)
2639a4
(
ra9 + sb9
)
C3
2832a2
(
ra5 + sb5
)
212a2
(
ra12 + sb11
)
218a3
(
ra11 + sb11
)
C4
24325
(
ra9 + sb9
)
5
(
ra15 + sb15
)
53
(
ra17 + sb17
)
C5
2734
(
ra9 + sb9
)
2434
(
ra15 + sb5
)
2933
(
ra17 + sb17
)
C6
24327
(
ra19 + sb19
)
72
(
ra31 + sb31
)
7
(
ra35 + sb35
)
C7
2732
(
ra18 + sb19
)
24
(
ra30 + sb31
)
29
(
ra34 + sb35
)
C8
2434
(
ra29 + sb29
)
34
(
ra47 + sb47
)
33
(
ra53 + sb53
)
C9
27325
(
ra29 + sb29
)
245
(
ra47 + sb47
)
285
(
ra53 + sb47
)
C10
2734
(
ra38 + sb39
)
2434
(
ra62 + sb63
)
2933
(
ra70 + sb71
)
C12
2532d4
(
ra4 + sb4
)
24d6
(
ra6 + sb6
)
27d8
(
ra8 + sb8
)
C2 × C2
21432
(
ra8 + sb8
)
216
(
ra14 + sb12
)
224
(
ra16 + sb16
)
C2 × C4
23134
(
ra18 + sb19
)
24534
(
ra30 + sb31
)
25633
(
ra34 + sb35
)
C2 × C6
24932
(
ra38 + sb38
)
274
(
ra62 + sb62
)
290
(
ra70 + sb70
)
C2 × C8
In particular, for T 6= C2, C2×C2 suppose K is a number field and let a and b be coprime elements
of RK . Then the ideal (αT (a, b) + βT (a, b)) ⊂ γRK and the ideals (αT (a, b)) + (∆T (a, b)) and
(βT (a, b) + γT (a, b)) are contained in the principal ideal δRK where γ and δ are:
T C3 C4 C5 C6 C7 C8 C9 C10 C12 C2 × C4 C2 × C6 C2 × C8
γ 6a 6a 30 6 42 6 6 10 6 2 6 2
δ 6a 2a 5 6 7 2 3 10 6 2 6 2
Proof. The polynomials µ
(j)
T , ν
(j)
T for j = 1, 2, 3 are constructed by applying the Euclidean Algo-
rithm to pairs of αT , βT , and γT over the rings Q[a] (b) and Q[b] (a). Explicit equations for these
polynomials are found in Appendix D of the author’s thesis [2]. The identities can then be checked
with a computer algebra system such as Sage [4] and Sage worksheets of these verifications are
available upon request.
For the second statement, note that the ideals generated by an and bm are coprime for any
positive integers n and m since the ideals generated by a and b are coprime. In particular, there
exist r, s ∈ RK such that ran + sbm = 1 and thus the second statement now follows. 
Lemma 3.2. Let K be a local field, complete with respect to a discrete valuation v and let R
denote its ring of integers. If E is an elliptic curve given by an integral Weierstrass model, then
any admissible change of variables x 7−→ u2x + r and y 7−→ u3y + u2sx + w used to produce a
minimal Weierstrass equation satisfies u, r, s, w ∈ R.
In particular, if E is a rational elliptic curve given by an integral Weierstrass model with
invariants c4 and c6 and discriminant ∆, then there is a unique positive integer u such that
c′4 = u
−4c4 c
′
6 = u
−6c6 ∆
min
E = u
−12∆
where ∆minE is the minimal discriminant of E and c
′
4 and c
′
6 are the invariants associated to a
global minimal model of E.
Proof. See [13, Proposition VII.1.3]. 
Theorem 3.3. Let E be an elliptic curve over a number field K with class number one and let
RK denote its ring of integers. Suppose further that the j-invariant of E is not 0 or 1728 and
MINIMAL MODELS OF RATIONAL ELLIPTIC CURVES WITH NON-TRIVIAL TORSION 9
that T →֒ E(K) for one of the T in Lemma 3.1. If E has additive reduction at a prime p of K,
then the residue characteristic of p is a rational prime in the set S given below
T C3 C4 C5 C6 C7 C8 C9 C10
S {2, 3} ∪ Sa {2} ∪ Sa {5} {2, 3} {7} {2} {3} {5}
T C12 C2 × C4 C2 × C6 C2 × C8
S {2, 3} {2} {2, 3} {2}
where Sa = {p a prime | p divides |RK/aRK |} for some a ∈ RK .
Proof. Let E be an elliptic curve with T →֒ E(K) and assume that E has additive reduction
at a prime p of K. By Proposition 2.7 there is a t ∈ K such that E is K-isomorphic to Xt(T ).
Since K has class number one, we may assume that t = ba where a, b ∈ RK are coprime and by
Lemma 2.9, E is K-isomorphic to ET = ET (a, b). Now consider ET as an elliptic curve over
Kp and let x 7−→ u2px + rp and y 7−→ u3py + spu2px + tp be an admissible change of variables
resulting in a minimal equation for ET at p. Since ET is given by an integral Weierstrass model,
we have that up, sp, rp, tp ∈ RKp where RKp denotes the ring of integers of Kp by Lemma 3.2.
Let ∆p denote the minimal discriminant with respect to p and let c4,p and c6,p be the associated
invariants so that 1728∆p = c
3
4,p − c26,p. Moreover, ∆p = u−12p γT and c4,p = u−4p αT are both in
RKp and by Lemma 3.1, c4,pRKp + ∆pRKp ⊂ αT (a, b)RKp + γT (a, b)RKp ⊂ δRKp where δ is
as in Lemma 3.1. Since E has additive reduction at p, we have that vp(∆p) , vp(c4,p) > 0 and
therefore vp(δ) > 0. In particular, the residue characteristic of p divides δ. This shows all cases
claimed except for T = C10. Note that if C10 →֒ E(K), then C5 →֒ E(K) and thus EC10(a, b)
is K-isomorphic to EC5(a
′, b′) for two coprime elements a′, b′ ∈ RK . In particular, if EC10 has
additive reduction at a prime p, it follows that the residue characteristic of p is 5. 
As a consequence we get Frey’s Theorem [6] in the case when ℓ = 5, 7. Next, we prove
Flexor and Oesterle´’s Theorem [5] for number fields K with class number one by assuming
Frey’s Theorem and observing that by Theorem 3.3 additive reduction for an elliptic curve E
over K is only possible at two or more distinct valuations with different residue characteristic if
T = C3, C4, C6, C12, and C2 × C6.
Theorem 3.4. Let E be an elliptic curve over a number field K with class number one. Suppose
further that the j-invariant of E is not 0 or 1728. If E(K) contains a point of order N and E
has additive reduction at a prime p of K whose residue characteristic does not divide N , then
N ≤ 4. Moreover, if E has additive reduction at at least two primes of K with different residue
characteristics then N divides 12.
Proof. Let E be an elliptic curve over K with a K-rational torsion point of order N . First
suppose E has additive reduction at a prime p of K. If ℓ > 3 is a prime which divides N , then
by Frey’s Theorem the residue characteristic of p must divide N . If 8 (resp. 9) divides N , then
the residue characteristic of p is 2 (resp. 3) by Theorem 3.3.
Next, suppose E has additive reduction at at least two primes of K with different residue
characteristics. By Frey’s Theorem, the only primes dividing N are 2 and 3. By Theorem 3.3, 8
nor 9 divide N and so N = 1, 2, 3, 4, 6, 12. In particular, N divides 12. Lastly, if E has additive
reduction at a prime p of K whose residue characteristic does not divide N , then by Theorem
3.3 we conclude that N ≤ 4. 
4. Classification of Minimal Discriminants
In this section, we restrict our attention to rational elliptic curves. As before, let T be one
of the fourteen non-trivial torsion subgroups allowed by Theorem 2.8 and let ET be as given in
Table 4. Then if E is a rational elliptic curve with T →֒ E(Q) where T 6= C2, C2 × C2, we have
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that there are relatively prime integers a and b such that E is Q-isomorphic to ET = ET (a, b).
If E has a rational point of order 2 and E does not have full 2-torsion, then E is Q-isomorphic
to ET = ET (a, b, d) with gcd(a, b) and d squarefree integers. Lastly, if E has full 2-torsion, then
E is Q-isomorphic to ET = ET (a, b, d) with a and b relatively prime integers and d squarefree.
However, we can assume in this case that a is even as demonstrated in the following lemma.
Lemma 4.1. Let T = C2 × C2 and suppose T →֒ E(Q). Then there are integers a, b, d with a
and b relatively prime integers, a even, and d a positive squarefree integer.
Proof. By Lemma 2.2, E is Q-isomorphic to
ET : y
2 = x3 + (ad+ bd)x2 + abd2
where a, b, d are integers such that a and b are relatively prime and d is a squarefree integer. By
the proof of Lemma 2.2, d may be assumed to be positive. It remains to show that a may be
assumed to be even. Observe that if b were even, then we can interchange a and b. So suppose a
and b are odd. Then c = b− a is even and the admissible change of variables x 7−→ x− ad gives
a Q-isomorphism from ET onto the elliptic curve given by the Weierstrass model
y2 = x3 + (cd− ad)x2 − acd2x.
This shows that we may assume a to be even. 
Lemma 4.2. For T 6= C2, C2 × C2, we have that ET (−a, b) is Q-isomorphic to ET (a,−b).
Proof. Let E and E′ be rational elliptic curves. Suppose further than the invariants c4 and
c6 of their Weierstrass model coincide. Then E and E
′ are Q-isomorphic since they are both
Q-isomorphic to the elliptic curve
y2 = x3 − 27c4x− 54c6.
In particular, the invariants c4 and c6 of a Weierstrass model determine an elliptic curve up to
Q-isomorphism.
Since αT (a, b) and βT (a, b) are the invariants c4 and c6 of the Weierstrass model of ET (a, b),
it suffices to verify by the remark above that the following equalities hold:
αT (−a, b) = αT (a,−b) and βT (−a, b) = βT (a,−b) .
This is easily checked by the definition of αT (a, b) and βT (a, b). 
Remark 4.3. Henceforth, we will assume that a is even in the Weierstrass model of ET for
T = C2 × C2. Similarly, we will assume that a is positive in the Weierstrass model of ET for
T 6= C2, C2 × C2.
We now state the main theorem of this section.
Theorem 4.4. The minimal discriminant of ET is u
−12
T γT where uT is one of the possibilities
below
T C2 C3 C4 C5 C6 C7 C8
uT 1, 2, or 4 c
2d c or 2c 1 1 or 2 1 1 or 2
T C9 C10 C12 C2 × C2 C2 × C4 C2 × C6 C2 × C8
uT 1 1 or 2 1 or 2 1 or 2 1, 2, or 4 1, 4, or 16 1, 16, or 64
where
(4.1) a =
{
c3d2e with d and e squarefree and gcd(d, e) = 1 if T = C3
c2d with d squarefree if T = C4.
Moreover, there are necessary and sufficient conditions on a, b, d to determine the exact value of
uT . Table 2 summarizes these necessary and sufficient conditions.
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Table 2. Necessary and Sufficient Conditions on uT
T Conditions on uT
C2 uT = 4 ⇐⇒ v2
(
b2d− a2) ≥ 8 with v2(a) = v2(b) = 1 and 2−1a ≡ 1 mod 4.
uT = 2 ⇐⇒ either (i) uT 6= 4, v2
(
b2d− a2) ≥ 4 with v2(a) = v2(b) = 1,
(ii) v2(b) ≥ 3 and a ≡ −1 mod 4, or (iii) a = 3b and d = −3
with b a squarefree even integer not divisible by 3.
uT = 1 ⇐⇒ The previous conditions are not satisfied.
C4 uT = 2c ⇐⇒ v2(a) ≥ 8 is even with bd ≡ 3 mod 4
uT = c ⇐⇒ The previous condition is not satisfied.
C6 uT = 1 ⇐⇒ v2(a+ b) < 3
uT = 2 ⇐⇒ v2(a+ b) ≥ 3
C8 uT = 1 ⇐⇒ v2(a) 6= 1
uT = 2 ⇐⇒ v2(a) = 1
C10 uT = 1 ⇐⇒ a is odd.
uT = 2 ⇐⇒ a is even.
C12 uT = 1 ⇐⇒ a is odd.
uT = 2 ⇐⇒ a is even.
C2 × C2 uT = 2 ⇐⇒ v2(a) ≥ 4 and bd ≡ 1 mod 4.
uT = 1 ⇐⇒ The previous condition is not satisfied.
C2 × C4 uT = 1 ⇐⇒ v2(a) ≤ 1
uT = 2 ⇐⇒ v2(a) ≥ 2 and v2(a+ 4b) < 4
uT = 4 ⇐⇒ v2(a) = 2 and v2(a+ 4b) ≥ 4.
C2 × C6 uT = 1 ⇐⇒ v2(a+ b) = 0
uT = 4 ⇐⇒ v2(a+ b) ≥ 2
uT = 16 ⇐⇒ v2(a+ b) = 1
C2 × C8 uT = 1 ⇐⇒ a is odd.
uT = 16 ⇐⇒ v2(a) = 1
uT = 64 ⇐⇒ v2(a) ≥ 2
In Theorem 3.3, we considered elliptic curves whose j-invariant was not 0 or 1728. Conse-
quently, in order to prove Theorem 4.4 as stated we need knowledge of when ET has j-invariant
0 or 1728. Below we prove a series of lemmas which will allow us to distinguish those ET ’s whose
j-invariant is 0 or 1728.
Lemma 4.5. Let E be a rational elliptic curve with a rational torsion point of order N ≥ 4. If
E has j-invariant 0, then E is Q-isomorphic to EC6(3,−1). If E has j-invariant 1728, then E
is Q-isomorphic to EC4(8,−1).
Proof. From (1.3) it is checked that j = 0 if and only if c4 = 0. Similarly, j = 1728 if and only
if c6 = 0. By Proposition 2.7 and Lemma 2.9, E is Q-isomorphic to ET for some T . We now
consider the cases when j = 0 and j = 1728.
Case I. Suppose j = 0. Then the invariant c4 of E is 0. In particular, it suffices to check when
there are integer solutions to the equations αT = 0. By inspection, this only occurs for T = C6
with a = 3 and b = −1 since we assume a is positive by Remark 4.3.
Case II. Suppose j = 1728. Then the invariant c6 of E is 0. In particular, it suffices to check
when there are integer solutions to the equations βT = 0. By inspection, this only occurs for
T = C4 with a = 8 and b = −1 since we assume a to be positive by Remark 4.3. 
Lemma 4.6. Let E be a rational elliptic curve with a rational torsion point of order N = 3.
Then the j-invariant of E is not equal to 1728. Moreover, if the j-invariant of E is 0, then E is
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Q-isomorphic to either EC3(24, 1) or
EC0
3
(a) : y2 + ax = x3
for some positive cubefree integer a.
Proof. By Lemma 2.4, we may assume that E is given by the Weierstrass model
E : y2 + a1xy + a3y = x
3
for some integers a1 and a2. Then c4 = a1
(
a31 − 24a3
)
and c6 = −a61 + 36a31a3 − 216a22. By
inspection, c6 = 0 does not have any real solutions and therefore there is no elliptic curve E with
a torsion point of order 3 which has j-invariant 1728.
Next, the j-invariant of E is 0 if and only if c4 = 0. In particular, either a1 = 0 or a
3
1−24a3 = 0.
We consider each of these cases separately.
Case I. Suppose a1 6= 0. Then E is Q-isomorphic to ET (a, b) for some relatively prime integers
a and b by Corollary 2.5. But then αT = a
3 (a− 24b) = 0. Consequently, a − 24b = 0 and so
a = 24b. Since a and b are relatively prime, we conclude that E is Q-isomorphic to EC3(24, 1).
Case II. Suppose a1 = 0. Then
E : y2 + a3x = x
3.
We claim that E is Q-isomorphic to
EC0
3
(a) : y2 + ax = x3
where a is the positive cubefree part of a3. Indeed, write a3 = c
3a where a is a cubefree positive
integer. Then the admissible change of variables x 7−→ c2x and y 7−→ c3y gives a Q-isomorphism
from E onto
EC0
3
(a) : y2 + ax = x3,
which concludes the proof. 
Corollary 4.7. For each cubefree integer a, EC0
3
= EC0
3
(a) is a global minimal model for EC0
3
.
Moreover, EC0
3
has additive reduction at each prime dividing the discriminant of EC0
3
.
Proof. Let ∆ denote the discriminant of EC0
3
and c6 the invariant associated to the Weierstrass
model of EC0
3
. Then
∆ = −33a4 and c6 = 2333a2.
Observe that for p a prime, vp(∆) ≤ 11 since a is cubefree. In particular, EC0
3
is a global minimal
model for EC0
3
. It now follows that EC0
3
has additive reduction at each prime dividing ∆. 
Lemma 4.8. Let T = C2. Then
(i) If ET has j-invariant 0, then it is Q-isomorphic to ET (3b, b,−3) for b a squarefree integer
not divisible by 3.
(ii) If ET has j-invariant 1728, then it is Q-isomorphic to ET (0, b, d) for squarefree integers
b and d.
Proof. (i) If ET has j-invariant 0, then αT = 0. In particular,
αT = 16
(
3b2d+ a2
)
= 0 =⇒ a2 = −3b2d.
Since gcd(a, b) and d are squarefree, it follows that d = −3 and a = 3b with b a squarefree integer
not divisible by 3.
(ii) If ET has j-invariant 1728, then
βT = −64a
(
9b2d− a2) = 0 =⇒ a = 0 or a2 = 9b2d.
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Since d 6= 1, it follows that the latter cannot occur. Consequently, a = 0. Now suppose b = bˆ2e
for e a squarefree integer. Then the admissible change of variables x 7−→ bˆ2x and y 7−→ bˆ3y gives
a Q-isomorphism from ET onto
E′T : y
2 = x3 − e2dx.
In particular, we may assume b is a squarefree integer which concludes the proof. 
Lemma 4.9. Let T = C2 × C2. Then the j-invariant of ET is nonzero. Moreover, if ET has
j-invariant 1728, then ET is Q-isomorphic to ET (2, 1, d) for some squarefree integer d.
Proof. Towards a contradiction, suppose the j-invariant of ET is 0. Then
αT = 16d
2
(
a2 − ab+ b2) = 0.
But this is a contradiction since a2 − ab+ b2 6= 0 for nonzero integers a and b.
Next, suppose the j-invariant of ET is 1728. Then
βT = −32d3 (a+ b) (a− 2b) (2a− b) = 0
Since a and b are relatively and a is assumed to be even by Lemma 4.1, we have that βT = 0 if
and only if (a, b) = (2, 1) or (a, b) = (−2,−1). The admissible change of variables x 7−→ x − 2d
gives a Q-isomorphism from ET (2, 1, d) onto ET (−2,−1, d), which concludes the proof. 
5. Proof of Theorem 4.4
The proof will rely on the following theorem of Kraus [8].
Theorem 5.1. Let α, β, and γ be integers such that α3 − β2 = 1728γ with γ 6= 0. Then there
exists a rational elliptic curve E given by an integral Weierstrass equation having invariants
c4 = α and c6 = β if and only if the following conditions hold:
(i) v3(β) 6= 2;
(ii) either β ≡ −1 mod 4 or both v2(α) ≥ 4 and β ≡ 0 or 8 mod 32.
The following corollary is automatic by Lemma 3.2 and the definition of an integral Weierstrass
model.
Corollary 5.2. Let E be a rational elliptic curve which is given by an integral Weierstrass model.
Let c4 and c6 be the invariants associated to this model. If x 7−→ u2x+r and y 7−→ u3+u2sx+w
is an admissible change of variables between E and a global minimal model of E, then α = u−4 ·c4
and β = u−6 · c6 satisfy the conditions of Theorem 5.1.
Lemma 5.3. Let α, β, and γ be integers such that α3 − β2 = 1728γ with γ 6= 0. If v2(αT ) = 4k
for some integer k and v2(γT ) ≥ 12k, then v2(βT ) = 6k.
Proof. The assumption implies that 212k divides α3 and γ. Then 212k divides β2 since α3 −
1728γ = β2. Since 2−12k · α3 is odd and 2−12k · 1728γ is even, it follows that 2−12k · β2 is odd.
Therefore v2(βT ) = 6k. 
Remark 5.4. By Lemma 4.5, the j-invariant of ET is not equal to 0 or 1728 for T 6= C2, C3, C4, C6,
and C2 × C2. Consequently, for these T , we will implicitly assume in the proof of Theorem 4.4
that the j-invariant of ET is not 0 or 1728.
5.1. Proof of Theorem 4.4 for T = C5, C7, C9.
Theorem 4.4 for T = C5, C7, C9. For T = C5, C7, C9, the minimal discriminant of ET is γT .
Proof. Since ET is given by an integral Weierstrass model, we have by Lemma 3.2 that there is
a unique positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET = u−12T γT . In particular, u6T
divides gcd(βT , γT ). Since a and b are relatively prime, we have that for a fixed positive integer
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k, there are integers r and s such that rak + sbk = 1 and so by Lemma 3.1, gcd(βT , γT ) divides
dT where
dT =


53 if T = C5
7 if T = C7
33 if T = C9.
In particular, uT = 1 which shows that ET is a global minimal model for ET . 
5.2. Proof of Theorem 4.4 for T = C2.
Theorem 4.4 for T = C2. The minimal discriminant of ET is u
−12
T γT with uT ∈ {1, 2, 4}.
Moreover,
(i) uT = 4⇐⇒ v2
(
b2d− a2) ≥ 8 with v2(a) = v2(b) = 1 and 2−1a ≡ 1 mod 4.
(ii) uT = 2⇐⇒ either (1) uT 6= 4, v2
(
b2d− a2) ≥ 4 with v2(a) = v2(b) = 1 and d ≡ 1 mod 4,
(2) v2(b) ≥ 3 and a ≡ −1 mod 4, or (3) a = 3b with b a squarefree even integer not divisible by
3.
(iii) uT = 1⇐⇒ the above conditions do not hold.
Proof. Recall that the discriminant of ET is γT and the invariants c4 and c6 of ET are αT and
βT where
αT = 16
(
3b2d+ a2
)
, βT = −64a
(
9b2d− a2) , γT = 64b2d (b2d− a2)2 .
By assumption, a, b, d are integers with d 6= 1, b 6= 0 such that gcd(a, b) and d are squarefree.
First, suppose the j-invariant of ET is 0. By Lemma 4.8 ET is Q-isomorphic to ET (3b, b,−3)
for b a squarefree integer not divisible by 3. Then
βT = 2
833b3 and γT = 2
1033b6.
In particular, if b is odd, then vp(γT ) < 12 for all primes p and therefore γT is the minimal
discriminant of ET . Now suppose b = 2bˆ for some odd squarefree integer bˆ. The admissible
change of variables x 7−→ 4x and y 7−→ 8y gives a Q-isomorphism from ET onto
E′T : y
2 = x3 + 3bˆx2 + 3bˆ2x.
Note that the discriminant of E′T is u
−12
T γT = −2433bˆ6 with uT = 2. In particular, vp
(
u−12T γT
)
<
12 for each prime p. Thus u−12T γT is the minimal discriminant of ET .
Next, suppose the j-invariant of ET is 1728. By Lemma 4.8 ET is Q-isomorphic to ET (0, b, d)
for squarefree integers b and d. Then
αT = 2
43b2d and γT = 2
6b6d3.
In particular, vp(γT ) ≤ 9 for each odd prime p and v2(γT ) ≤ 15. Since ET is given by an integral
Weierstrass model, we have by Lemma 3.2 that there is a unique positive integer uT such that
u4T |αT , u6T |βT , and ∆minET = u−12T γT . Then uT divides 2 since v2(γT ) ≤ 15. We claim that uT = 1.
Towards a contradiction, suppose uT = 2 so that v2(γT ) ≥ 12. This is equivalent to b being even
and so b = 2bˆ for some odd squarefree integer bˆ. Then
u−4T αT = 12bˆ
2d and u−12T γT = bˆ
6d3.
Since u−6T βT = 0 and v2
(
u−4T αT
) ≤ 3, we have by Theorem 5.1 that there is no integral Weier-
strass model having invariants c4 = u
−4
T αT and c6 = 0. This contradicts the assumption that
u−12T γT is the minimal discriminant of ET . Thus uT = 1.
Next, suppose the j-invariant of ET is not equal to 0 or 1728. Let gcd(a, b) = mn such that
gcd(a, d) = ml and gcd(b, l) = 1. In particular, m,n, l are squarefree relatively prime positive
integers. Hence
a = mnla˜, b = mnb˜, and d = mld˜
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for some integers a˜, b˜, and d˜. Then by Lemma 3.1,
(5.1)
gcd(αT , βT ) divides 2
832 gcd
(
b4d2, a3
)
= 2832m3n3l2,
gcd(αT , γT ) divides 2
10 gcd
(
b6d3, a6
)
= 210m6n6l3,
gcd(βT , γT ) divides 2
12 gcd
(
b8d4, a7
)
= 212m7n7l4.
By Lemma 3.2 there is a unique positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET =
u−12T γT . We claim that uT divides 4. To this end, suppose p is an odd prime dividing uT . If
p > 3, then u4T dividesm
3n3l2 by (5.1). Butm,n, l are relatively prime integers which contradicts
the assumption that p4 divides m3n3l2. So suppose p = 3. By (5.1) we observe that 3 does not
divide l since this would imply that 34 does not divide gcd(αT , γT ). We may therefore assume
that 3 divides either m or n.
Case I. Suppose 3 divides uT and m. Write a = 3aˆ, b = 3bˆ, and d = 3dˆ for some integers
aˆ, bˆ, dˆ with 3 dividing at most one of aˆ and bˆ. Then
4 ≤ v3(αT ) = v3
(
9aˆ2 + 81bˆ2dˆ
)
= 2 + v3
(
aˆ2 + 9bˆ2dˆ
)
.
Note that the inequality only holds if v3(aˆ) > 0 and so 3 does not divide bˆ. These assumptions
imply that
9 = v3(γT ) = v3
(
27bˆ2dˆ
)
+ 2v3
(
27bˆ2dˆ− 9aˆ2
)
which contradict the assumption that 3 divides uT .
Case II. Suppose 3 divides uT and n. In particular, d is not divisible by 3. Now write
a = 3aˆ and b = 3bˆ for some integers aˆ and bˆ with 3 dividing at most one of aˆ and bˆ. Then
v3(αT ) = v3
(
9aˆ2 + 27bˆ2d
)
= 2 + v3
(
aˆ2 + 3bˆ2d
)
.
Since v3
(
aˆ2 + 3bˆ2d
)
≤ 1 with equality if and only if v3(aˆ) > 0 we conclude that v3(αT ) < 4
which contradicts the assumption that uT is divisible by 3.
Since uT is not divisible by odd primes, we conclude that uT divides 4 by (5.1) since u
4
T divides
gcd(αT , βT ) and m,n, l are squarefree.
Now suppose uT = 4. Then v2(αT ) ≥ 8 and so v2
(
3b2d+ a2
) ≥ 4. For this to occur, we must
have either 3b2d and a2 are both even or are both odd.
Case I. Assume that 3b2d and a2 are both odd. Observe that
24 ≤ v2(γT ) =⇒ 9 ≤ v2
(
b2d− a2)
12 ≤ v2(βT ) =⇒ 6 ≤ v2
(
9b2d− a2)
Then 9b2d − a2 = b2d − a2 + 8b2d ≡ 8b2d mod 64. But this is a contradiction since b2d is odd
and therefore 9b2d− a2 6≡ 0 mod 64.
Case II. Assume that 3b2d and a2 are both even.
Subcase I. Assume that b is odd and d is even. Write a = 2aˆ and d = 2dˆ for some
integers aˆ and dˆ. Then
5 = v2(αT ) = 4 + v2
(
6b2dˆ+ 4aˆ2
)
.
since b2dˆ being odd implies that v2
(
3b2dˆ+ 2aˆ2
)
= 0. This contradicts the assumption that
uT = 4.
Subcase II. Assume that b and d are both even and write a = 2aˆ, b = 2bˆ, and d = 2dˆ
for some integers aˆ, bˆ, dˆ with at most one of aˆ and bˆ being even. Then
v2(αT ) = 6 + v2
(
6bˆ2dˆ+ aˆ2
)
.
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But v2
(
6bˆ2dˆ+ aˆ2
)
≤ 1 with equality if and only if v2(aˆ) > 0. This contradicts the assumption
that uT = 4.
Subcase III. Assume that b is even and d is odd and write a = 2aˆ and b = 2bˆ for
some integers aˆ and bˆ such that at most one of aˆ and bˆ is even. Then
v2(αT ) = 6 + v2
(
3bˆ2d+ aˆ2
)
.
Since uT = 4 implies that v2(αT ) ≥ 4 we conclude that v2
(
3bˆ2d+ aˆ2
)
≥ 2. In particular, aˆ and
bˆ are both odd. Next,
24 ≤ v2(γT ) = 12 + 2v2
(
bˆ2d− aˆ2
)
=⇒ 6 ≤ v2
(
bˆ2d− aˆ2
)
.
Now observe that v2
(
bˆ2d− aˆ2
)
≥ 6 ⇐⇒ v2
(
b2d− a2) ≥ 8 which is part of the assumption of
(i). Then aˆ2 = bˆ2d− 26k for some integer k. Since odd squares are congruent to 1 modulo 4, it
follows that d ≡ 1 mod 4. Then
v2
(
3bˆ2d+ aˆ2
)
= v2
(
4bˆ2d− 26k
)
= 2
since v2
(
bˆ2d− 24k
)
= 0. Consequently, v2(αT ) = 8. Now observe that
4−6βT = −2−3aˆ
(
9bˆ2d− aˆ2
)
= −aˆ
(
bˆ2d+ 23k
)
is odd since aˆbˆ2d is odd. Now let c4 and c6 denote the invariants associated to a global minimal
model of ET . By construction, c4 = 4
−4αT and c6 = 4
−6βT and are both odd and the invariants
satisfy Theorem 5.1. Therefore c6 ≡ −1 mod 4. Since −aˆ
(
bˆ2d+ 23k
)
≡ −aˆd mod 4 it follows
that c6 ≡ −1 mod4 if and only if aˆ ≡ 1 mod 4. It remains to show that v3
(
4−6βT
)
= v3(βT ) 6= 2.
Observe that
(5.2) 9b2d− a2 ≡ −a2 mod 9.
If a is divisible by 3, then a
(
9b2d− a2) ≡ 0 mod 27. This concludes the proof of (i).
Now assume that uT = 2. Then 2
4 and 26 divide αT and βT , respectively. The invariants
c4 and c6 associated with a global minimal model of ET are 2
−4αT and 2
−6βT , respectively.
The argument preceding (5.2) shows that v3(c6) 6= 2. Therefore by Theorem 5.1, either −c6 ≡
−1 mod 4 or both v2(c4) ≥ 4 and c6 ≡ 0 or 8 mod 32. Moreover, the minimal discriminant is
2−12γT and so we get the inequality
v2
(
b2d
)
+ 2v2
(
b2d− a2) ≥ 6.
Note that b2d− a2 is even if both b2d and a2 are odd or if they are both even. We now proceed
by cases.
Case I. Suppose v2
(
b2d− a2) ≥ 3 with b2d and a2 odd. Write b2d − a2 = 8k for some
integer k and observe that
c4 = 3b
2d+ a2 = 3b2d− 3a2 + 4a2 = 24k + 4a2.
Since c6 is even, it follows by Theorem 5.1 that v2(c4) ≥ 4. Reducing modulo 16 yields
24k + 4a2 ≡ 4 (2k + a2) mod 16
which is congruent to 0 modulo 16 if and only if k and a are even, which contradicts our assump-
tions.
Case II. Suppose v2
(
b2d− a2) ≥ 3 with a and d even and b odd. Write a = 2aˆ and
d = 2dˆ for some integers aˆ and bˆ so that 2b2dˆ− 4aˆ2 = 8k. In particular, b2dˆ− 2aˆ2 = 4k which is
impossible since b2dˆ is odd.
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Case III. Suppose v2
(
b2d− a2) ≥ 2 with a and b even. Write a = 2aˆ and b = 2bˆ for some
integers aˆ and bˆ. Moreover, b2d − a2 = 4k for some integer k. Since c6 is even, we have that
v2(c4) ≥ 4 by Theorem 5.1. Observe that
c4 = 3b
2d− 3a2 + 4a2 ≡ 12k mod 16
and so k must be divisible by 4. Write k = 4kˆ for some integer kˆ. Then
(5.3) b2d− a2 = 4k ⇐⇒ bˆ2d− aˆ2 = 4kˆ.
This only occurs when both bˆ2d and aˆ2 are both even or are both odd. We claim that they are
both odd. Indeed, if aˆ2 and bˆ2d are even, then aˆ and d are even and bˆ is odd since at most one
of aˆ and bˆ can be even. Write d = 2dˆ and aˆ = 2a¯ for integers dˆ and a¯ and observe that
bˆ2d− aˆ2 = 4kˆ ⇐⇒ bˆ2dˆ− 2a¯2 = 2kˆ
which is impossible since bˆ2dˆ is odd.
Therefore bˆ2d and aˆ2 are both odd. Reducing equation (5.3) modulo 4 yields bˆ2d− aˆ2 ≡ d−
1 mod 4 and so d ≡ 1 mod 4. To summarize we have shown that if uT = 2 and v2
(
b2d− a2) ≥ 2
with a and b even, then v2(a) = v2(b) = 1 and d ≡ 1 mod 4. In fact by the above v2
(
b2d− a2) ≥ 4
since k is divisible by 4. It remains to show that c6 ≡ 0 or 8 mod 32. Indeed,
c6 = −8aˆ
(
9bˆ2d− 9aˆ2 + 8aˆ2
)
= −32aˆ
(
9kˆ + 2aˆ2
)
which shows that c6 ≡ 0 mod 32.
Case IV. Suppose v2
(
b2d− a2) = 1 and v2(b2d) ≥ 2. Note that v2(b2d) ≥ 2 implies that
v2(b) ≥ 1 since d is squarefree. In particular, a is even. Now write b2d − a2 = 2k, a = 2aˆ, and
b = 2bˆ for some integers aˆ and bˆ and k an odd integer. Then
2k = 4bˆ2d− 4aˆ2
implies that k is even, which contradicts our assumption that v2
(
b2d− a2) = 1.
Case V. Suppose v2
(
b2d
) ≥ 6. Then v2(b) ≥ 3 since d is squarefree and thus b = 8bˆ for
some integer bˆ. If a is even, then a = 2aˆ for some odd integer aˆ and we attain
b2d− a2 = 4
(
16bˆ2d− aˆ2
)
which implies that v2
(
b2d− a2) = 2. But these are the assumptions of Case III. So suppose a is
odd. Then c4 is odd and so c6 ≡ −1 mod 4 by Theorem 5.1. Now observe that
c6 = −a
(
72bˆ2d− a2
)
≡ a3 mod 4.
Therefore c6 ≡ −1 mod 4 if and only if a ≡ −1 mod 4.
By the above, we have exhausted the possibilities when uT = 2, 4 and so it follows that uT = 1
if and only if (i) and (ii) do not hold. 
5.3. Proof of Theorem 4.4 for T = C3.
Theorem 4.4 for T = C3. Let a = c
3d2e with d, e positive squarefree integers such that gcd(d, e) =
1. Then the minimal discriminant of ET is u
−12
T γT with uT = c
2d.
Proof. First, suppose ET has j-invariant 0. Then by Lemma 4.6, ET = ET (24, 1). Since 24 = 8·3,
it is verified that the minimal discriminant of ET (24, 1) is u
−12
T γT with uT = 4 which verifies the
Theorem.
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Next, suppose the j-invariant of ET is not equal to 0 or 1728. The admissible change of
variables x 7−→ v2x and y 7−→ v3y with v = c2d results in a Q-isomorphism between ET and the
elliptic curve
E′T : y
2 + cdexy + de2by = x3.
In particular, E′T is given by an integral Weierstrass model and its discriminant ∆ and invariants
c4 and c6 are
c4 = v
−4αT = cd
2e3 (a− 24b)
c6 = v
−6βT = d
2e4
(−a2 + 36ab− 216b2)
∆ = v−12γT = d
4e8b3 (a− 27b) .
We claim that E′T is a global minimal model for ET . By the assumption on ET , a and b are
relatively prime integers and therefore
gcd(βT , γT ) divides 2
639a4
by Lemma 3.1. Since gcd(c6,∆) = v
−6 gcd(βT , γT ) we conclude that gcd(c6,∆) divides 2
639d2e4.
By Lemma 3.2 there is a unique positive integer uT such that u
4
T |c4, u6T |c6, and ∆minET = u−12T ∆.
Therefore u6T divides 2
639d2e4. In particular, vp(uT ) = 0 for all primes p ≥ 5 since d and e are
relatively prime squarefree integers.
We now claim that v3(uT ) = 0. If this is not the case, then
12 ≤ v3(∆) = v3
(
d4e8b3
)
+ v3(a− 27b) .
First, suppose v3(a) > 0 with v3(a) 6= 3. Then v3(a− 27b) ≤ 3 and v3
(
d4e8b3
) ≤ 8 since a and
b are relatively prime and d, e are squarefree and relatively prime. Therefore this case is not
possible. Suppose instead that v3(a) = 3 and write a = 27aˆ for some integer aˆ not divisible by
3. In particular, 3 does not divide de and thus
v3(c4) = 1 + v3(27aˆ− 24b) = 2.
This is our desired contradiction since v3(uT ) > 0 implies that v3(c4) ≥ 4. Next, suppose
v3(a) = 0. Then c4 ≡ acd2e3 mod 3 which is nonzero modulo 3 since a = c3d2e. In particular,
we have shown that v3(uT ) = 0.
It remains to show that v2(uT ) = 0. To this end, observe that c4 is even if and only if a is
even. Therefore, if v2(uT ) > 0, then v2(a) > 0 since v2(c4) ≥ 4. But then we have a contradiction
since a− 27b is odd and
12 ≤ v2(∆) = v2
(
d4e8
) ≤ 8.
Hence v2(uT ) = 0 which implies that uT = 1 from which we conclude that E
′
T is a global minimal
model for ET . 
5.4. Proof of Theorem 4.4 for T = C4.
Theorem 4.4 for T = C4. Let a = c
2d with d a positive squarefree integer. Then the minimal
discriminant of ET is u
−12
T γT with uT ∈ {c, 2c}. Moreover, uT = 2c if and only if v2(a) ≥ 8 is
even with bd ≡ 3 mod 4.
Proof. First, suppose ET has j-invariant 1728. Then by Lemma 4.5, ET is Q-isomorphic to
ET (8,−1). Then a = c2d with c = 2 and d = 2. The admissible change of variables x 7−→ 4x
and y 7−→ 8y gives a Q-isomorphism from ET onto
E′T : y
2 + 4xy + 8y = x3 + 2x2.
Then the discriminant of E′T = −212. We claim that the minimal discriminant is −212. Indeed,
if this were not the case, then the only possibility for the minimal discriminant is −1. But this
is absurd since there is no rational elliptic curve of conductor 1.
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Next, suppose ET has j-invariant not equal to 0 or 1728. The admissible change of variables
x 7−→ c2x and y 7−→ c3y results in a Q-isomorphism between ET and the elliptic curve
(5.4) E′T : y
2 + cdxy − cd2by = x3 − bdx2.
In particular, E′T is given by an integral Weierstrass model and its discriminant ∆ and invariants
c4 and c6 are
c4 = c
−4αT = d
2
(
a2 + 16ab+ 16b2
)
c6 = c
−6βT = d
3 (a+ 8b)
(−a2 − 16ab+ 8b2)
∆ = c−12γT = b
4c2d7 (a+ 16b) .
Since a and b are relatively prime integers, we have that
gcd(βT , γT ) divides 2
18a3
by Lemma 3.1. Since gcd(c6,∆) = c
−6 gcd(βT , γT ) we conclude that gcd(c6,∆) divides 2
18d3.
By Lemma 3.2 there is a unique positive integer uT such that u
4
T |c4, u6T |c6, and ∆minET = u−12T ∆.
Therefore u6T divides 2
18d3. In particular, vp(uT ) = 0 for all odd primes p since d is squarefree.
Therefore uT divides 8.
We claim that uT divides 2. Towards a contradiction, suppose 4 divides uT . Then v2(c4) ≥ 8
and v2(c6) ≥ 12. We show that these inequalities never hold. First, observe that c4 is even if
and only if a is even. If a is even with v2(a) 6= 2, then
v2(c4) = 2v2(d) + v2
(
a2 + 16ab+ 16b2
) ≤ 6
which contradicts the assumed inequality. So suppose v2(a) = 2 so that a = 4aˆ for some odd
integer aˆ. Then
12 ≤ v2(c6) = 5 + 3v2(d) + v2(aˆ+ 2b) + v2
(−2aˆ2 − 8aˆb+ b2)
≤ 8
since v2(aˆ+ 2b) = v2
(−2aˆ2 − 8aˆb+ b2) = 0. This is our desired contradiction and so we conclude
that uT divides 2.
Suppose uT = 2. Then 2
4|c4, 26|c6, and 212|∆. In particular, c4 is even and so a is even. Since
a = c2d with d squarefree, we claim that if v2(a) 6= 4, then v2(∆) ≥ 12 if and only if v2(a) = 3, 5
or v2(a) ≥ 7. Indeed,
12 ≤ v2(∆) = 2v2(c) + 7v2(d) + v2(a+ 16b)
and note that
v2(c) =
{
0 if v2(a) is odd
2−1v2(a) if v2(a) is even
and v2(d) =
{
1 if v2(a) is odd
0 if v2(a) is even.
Lastly v2(a+ 16b) ≤ 4 with equality if v2(a) > 4. The claim now follows.
Next, suppose v2(a) = 4. Then by inspection v2(c4) = 4 and v2(c6) = 6 since v2(d) = 0. In
addition, v2(∆) ≥ 12 if and only if v2(a+ 16b) ≥ 8.
Since uT = 2, we have that 2
−4c4 and 2
−6c6 satisfy the conclusion of Theorem 5.1. We now
show that Theorem 5.1 is satisfied if and only if v2(a) ≥ 8 is even with bd ≡ 3 mod 4.
Case I. Suppose v2(a) ≥ 3 is odd. In particular, c and d are even and write c = 2cˆ and
d = 2dˆ for integers cˆ and dˆ. Next, observe that
2−4c4 = 16cˆ
4dˆ4 + 32cˆ2dˆ3b+ 4b2dˆ2
≡ 4b2dˆ2 mod 16
2−6c6 = −64cˆ6dˆ6 − 192bcˆ4dˆ5 − 120b2cˆ2dˆ4 + 8b3dˆ3
≡ 0 mod 4.
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Since 2−6c6 6≡ −1 mod 4, it must be the case that v2
(
2−4c4
) ≥ 4 by Theorem 5.1. But this is
not satisfied since b2dˆ2 is odd.
Case II. Next suppose v2(a) = 4 and v2(a+ 16b) ≥ 8. Then d is odd and c = 4cˆ for some
odd integer cˆ. Write a+ 16b = 28k for some integer k so that b = 16k − cˆ2d. Then
2−6c6 = cˆ
6d6 − 528cˆ4d5k − 8448cˆ2d4k2 + 4096d3k3
≡ cˆ6d6 mod 4.
Since cˆd is odd, we have that 2−6c6 ≡ 1 mod 4. Consequently, 2−6c6 is odd and does not satisfy
Theorem 5.1. So this case is not possible.
Case III. Suppose v2(a) ≥ 8 is even. Then c = 16cˆ for some integers cˆ and d, with d odd.
Then
2−6c6 = −218cˆ6d6 − 2133bcˆ4d5 − 480b2cˆ2d4 + b3d3
≡ b3d3 mod 4.
By Theorem 5.1 we have that 2−6c6 ≡ −1 mod 4 which is equivalent to bd ≡ −1 mod 4. It
remains to check that v3
(
2−6c6
) 6= 2. Since v3(2−6c6) = v3(c6) and c6 is the invariant of the
integral Weierstrass model E′T we have by Theorem 5.1 that v3(c6) 6= 2. Therefore the minimal
discriminant of ET in terms of γT is (2c)
−12
γT , as claimed.
It now follows that if v2(a) ≥ 8 is even with bd ≡ 3 mod 4 does not hold, then E′T is a global
minimal model for ET , which completes the proof. 
5.5. Proof of Theorem 4.4 for T = C6.
Theorem 4.4 for T = C6. The minimal discriminant of ET is u
−12
T γT with uT ∈ {1, 2}. More-
over, uT = 2 if and only if v2(a+ b) ≥ 3.
Proof. First, suppose ET has j-invariant 0. By Lemma 4.5 ET is Q-isomorphic to ET (3,−1).
Then γT = −2433 and therefore it is the minimal discriminant of ET .
Next, suppose the j-invariant of ET is not equal to 0 or 1728. Since ET is given by an integral
Weierstrass model, we have by Lemma 3.2 that there is a unique positive integer uT such that
u4T |αT , u6T |βT , and ∆minET = u−12T γT . In particular, u6T divides gcd(βT , γT ) and by Lemma 3.1
gcd(βT , γT ) divides 2
933. Therefore uT divides 2.
Suppose uT = 2. Then a + b is even since αT ≡ (a+ b)4 mod 2. Consequently, a and b are
both odd since a and b are relatively prime. We now claim that the inequality
(5.5) 12 ≤ v2(γT ) = v2(a+ 9b) + 3v2(a+ b)
is equivalent to v2(a+ b) ≥ 3. Suppose v2(a+ b) ≤ 2 so that a + b ≡ ±2, 4 mod 8. Since
a+ 9b ≡ a+ b mod 8, it follows that v2(a+ 9b) ≤ 2 and so inequality (5.5) does not hold. Now
suppose v2(a+ b) ≥ 3. Then v2(a+ 9b) ≥ 3 since a+9b ≡ a+b mod 8 and therefore v2(γT ) ≥ 12.
Now consider the admissible change of variables x 7−→ 4x and y 7−→ 8y from ET onto the elliptic
curve E′T given by the Weierstrass model
E′T : y
2 +
a− b
2
xy − ab (a+ b)
8
y = x3 − b (a+ b)
4
x2.
Since v2(a+ b) ≥ 3, it follows that E′T is an integral Weierstrass model with discriminant 2−12γT .
This shows that uT = 2 if and only if v2(a+ b) ≥ 3. Consequently, ET is a global minimal model
for ET if and only if v2(a+ b) < 3 since uT divides 2. 
MINIMAL MODELS OF RATIONAL ELLIPTIC CURVES WITH NON-TRIVIAL TORSION 21
5.6. Proof of Theorem 4.4 for T = C8.
Theorem 4.4 for T = C8. The minimal discriminant of ET is u
−12
T γT with uT ∈ {1, 2}. More-
over, uT = 2 if and only if v2(a) = 1.
Proof. By Lemma 3.2 there is a unique positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET =
u−12T γT since ET is given by an integral Weierstrass model. In particular, u
6
T divides gcd(βT , γT )
and by Lemma 3.1 gcd(βT , γT ) divides 2
9. In particular, uT divides 2.
Suppose uT = 2. Then a is even since αT ≡ a8 mod 2. Observe that
(5.6) 12 ≤ v2(γT ) = 2v2(a) + 4v2(a− 2b) + v2
(
a2 − 8ab+ 8b2) .
We claim that inequality (5.6) holds if and only if v2(a) = 1 or v2(a) > 2. Indeed,
v2
(
a2 − 8ab+ 8b2) =
{
2 if v2(a) = 1
3 if v2(a) > 1
and for v2(a− 2b) we have that v2(a− 2b) = 1 if v2(a) > 1 and v2(a− 2b) ≥ 2 if v2(a) = 1. Thus
uT = 2 implies that a is even and v2(a) 6= 2. By inspection, v2(αT ) = 4 and so v2(βT ) = 6 by
Lemma 5.3 and so u−4T αT and u
−6
T βT are odd.
Case I. Suppose v2(a) > 2. Since 2
−6βT is odd, we have by Theorem 5.1 that 2
−6βT ≡
−1 mod 4. Write a = 2aˆ for some even integer aˆ. Then
2−6βT ≡ 2aˆ4b8 + b12 mod 4
≡ 1 mod 4
which is a contradiction.
Case II. Suppose v2(a) = 1. Then the admissible change of variables x 7−→ 4x and
y 7−→ 8y from ET onto the elliptic curve E′T given by the Weierstrass model
E′T : y
2 − a
2 − 4ab+ 2b2
2
xy − ab
3 (a− 2b) (a− b)
8
y = x3 − (a− 2b) (a− b) b
2
4
x2
is an integral Weierstrass model since v2(a− 2b) ≥ 2 with discriminant 2−12γT . This shows that
uT = 2 if and only if v2(a) = 1. Consequently, ET is a global minimal model for ET if and only
if v2(a) 6= 1 since uT divides 2. 
5.7. Proof of Theorem 4.4 for T = C10.
Theorem 4.4 for T = C10. The minimal discriminant of ET is u
−12
T γT with uT ∈ {1, 2}. More-
over, uT = 2 if and only if a is even.
Proof. By Lemma 3.2 there is a unique positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET =
u−12T γT since ET is given by an integral Weierstrass model. In particular, u
6
T divides gcd(βT , γT )
and by Lemma 3.1 gcd(βT , γT ) divides 2
85. Therefore uT divides 2.
Suppose uT = 2. Then αT is even if and only if a is even since αT ≡ a12 mod 2. Now observe
that
(5.7) 12 ≤ v2(γT ) = 5v2(a) + 5v2(a− 2b) + v2
(
a2 + 2ab− 4b2) .
It is clear that (5.7) holds if v2(a) ≥ 2. So suppose v2(a) = 1. Then v2(a− 2b) ≥ 2 and so
inequality (5.7) holds. By inspection, v2(αT ) = 4 if a is even and consequently v2(βT ) = 6 by
Lemma 5.3. The admissible change of variables x 7−→ 4x and y 7−→ 8y gives a Q-isomorphism
from ET onto the elliptic curve
E′T : y
2 +
a3 − 2a2b− 2ab2 + 2b3
2
xy − a
2b3 (a− 2b) (a− b) (a2 − 3ab+ b2)
8
= x3 − a (a− 2b) (a− b) b
3
4
x2.
22 ALEXANDER J. BARRIOS
In particular, E′T is given by an integral Weierstrass model if a is even. Therefore E
′
T is a global
minimal model for ET if and only if a is even.
Lastly, if a is not even, then ET is a global minimal model for ET . 
5.8. Proof of Theorem 4.4 for T = C12.
Theorem 4.4 for T = C12. The minimal discriminant of ET is u
−12
T γT with uT ∈ {1, 2}.
Moreover, uT = 2 if and only if a is even.
Proof. By Lemma 3.2 there is a unique positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET =
u−12T γT since ET is given by an integral Weierstrass model. In particular, u
6
T divides gcd(βT , γT )
and by Lemma 3.1 gcd(βT , γT ) divides 2
933. Thus uT divides 2.
Suppose uT = 2. Then αT is even if and only if a is even since αT ≡ a16 mod 2. Next, observe
that
v2(γT ) = 2v2(a) + 6v2(A− 2b) + v2
(
a2 − 6ab+ 6b2)+ 3v2(a2 − 2ab+ 2b2) .
By inspection, we see that a is even if and only if v2(γT ) ≥ 12. By inspection, v2(αT ) = 4 and
so v2(βT ) = 6 by Lemma 5.3. The admissible change of variables x 7−→ 4x and y 7−→ 8y gives a
Q-isomorphism from ET onto the elliptic curve E
′
T : y
2 + a1xy + a3y = x
3 + a2x
2 where
a1 = −1
2
(
a4 − 2a3b− 2a2b2 + 8ab3 − 6b4)
a2 =
1
4
b (a− 2b) (a− b)2 (a2 − 3ab+ 3b2) (a2 − 2ab+ 2b2)
a3 = −1
8
ab (a− 2b) (a− b)5 (a2 − 3ab+ 3b2) (a2 − 2ab+ 2b2) .
Since a is even, E′T is given by an integral Weierstrass model. Therefore E
′
T is a global minimal
model for ET if and only if a is even.
Lastly, if a is not even, then ET is a global minimal model for ET . 
5.9. Proof of Theorem 4.4 for T = C2 ×C2.
Theorem 4.4 for T = C2 ×C2. The minimal discriminant of ET is u
−12
T γT with uT ∈ {1, 2}.
Moreover, uT = 2 if and only if v2(a) ≥ 4 and bd ≡ 1 mod 4.
Proof. First, suppose ET has j-invariant equal to 1728. By Lemma 4.9, ET is Q-isomorphic to
ET (2, 1, d). Then γT = 64d
6. Since d is squarefree, we have that vp(γT ) ≤ 6 for each odd prime
p. In particular, if d is odd, then γT is the minimal discriminant of ET . Now suppose d = 2dˆ
for some odd squarefree integer dˆ. By Lemma 3.2 there is a unique positive integer uT such that
u4T |αT , u6T |βT , and ∆minET = u−12T γT since ET is given by an integral Weierstrass model. Note that
uT divides 2 since d being squarefree implies that v2(γT ) ≤ 12. We claim that uT = 1. Towards
a contradiction, suppose uT = 2. Then u
−12
T γT = dˆ
6 and u−4T αT = 12dˆ
2. Since v2
(
u−4T αT
)
= 2,
we have our desired contradiction. Indeed, by Theorem 5.1 there is no integral Weierstrass model
having invariants c4 = u
−4
T αT and c6 = 0.
Next, suppose ET does not have j-invariant equal to 1728. By Lemma 3.2 there is a unique
positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET = u−12T γT since ET is given by an integral
Weierstrass model. In particular, u6T divides gcd(βT , γT ) and by Lemma 3.1 gcd(βT , γT ) divides
27d8. In particular, uT divides 2d since d is a squarefree integer.
We claim that vp(uT ) = 0 for all odd primes p. Towards a contradiction, suppose an odd prime
p divides uT . Then p divides d and moreover, p
12 divides γT . In particular, vp(ab (a− b)) ≥ 3
since γT = 16a
2b2d6 (a− b)2. Since a, b, and a − b are relatively prime, it follows that p divides
exactly one of these. If p divides one of a or b, then p does not divide a2−ab+b2 which contradicts
the assumption that p4 divides αT . Therefore p divides a− b and a2−ab+ b2. But then p divides
a2 − ab+ b2 − (a− b)2 = ab
MINIMAL MODELS OF RATIONAL ELLIPTIC CURVES WITH NON-TRIVIAL TORSION 23
which is a contradiction. Hence vp(uT ) = 0 for all odd primes p.
It now follows that uT divides 4. We claim that uT 6= 4. Towards a contradiction, suppose
uT = 4 so that v2(αT ) ≥ 8 and d is even. Since d is squarefree, we deduce
(5.8) 8 ≤ v2(αT ) = 6 + v2
(
a2 − ab+ b2) .
Recall that by Lemma 4.1, a is assumed to be even and thus a2 − ab + b2 is always odd which
contradicts inequality (5.8). Hence uT divides 2.
Now assume uT = 2. Then 2
4|αT , 26|βT , and 212|γT . By definition of αT and βT , we see that
the first two divisibilities are always satisfied. Now observe that
(5.9) 12 ≤ v2(γT ) = 4 + 6v2(d) + 2v2(a) .
We now consider the cases where d is even or odd.
Case I. Suppose d is even. Since 2−6βT is even and
2−4αT = d
2
(
a2 − ab+ b2) ≡ 4 mod 8,
we conclude by Theorem 5.1 that there is no integral Weierstrass equation having invariants
c4 = 2
−4αT and c6 = 2
−6βT . Therefore d cannot be even.
Case II. Suppose d is odd. Then by (5.9), v2(a) ≥ 4. Write a = 16aˆ for some integer aˆ.
Then
2−6βT = −d3 (16aˆ+ b) (8aˆ− b) (32aˆ− b) ≡ −bd mod 4.
By Theorem 5.1, there is an integral Weierstrass model having invariants c4 = 2
−4αT and
c6 = 2
−6βT if and only if bd ≡ 1 mod 4 and v3
(
2−6βT
) 6= 2. Since v3(2−6βT ) = v3(βT ) and βT is
the invariant c6 of the integral Weierstrass model ET we have by Theorem 5.1 that v3(βT ) 6= 2.
Hence uT = 2 if and only if v2(a) ≥ 4 and bd ≡ 1 mod 4.
Consequently, ET is a global minimal model for ET if and only if the above equivalence does
not hold. 
5.10. Proof of Theorem 4.4 for T = C2 ×C4.
Theorem 4.4 for T = C2 ×C4. The minimal discriminant ofET is u
−12
T γT with uT ∈ {1, 2, 4}.
(i) uT = 1 if and only if v2(a) ≤ 1.
(ii) uT = 2 if and only if v2(a) ≥ 2 with v2(a+ 4b) < 4.
(iii) uT = 4 if and only if v2(a) = 2 and v2(a+ 4b) ≥ 4.
Proof. By Lemma 3.2 there is a unique positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET =
u−12T γT since ET is given by an integral Weierstrass model. In particular, u
4
T divides gcd(αT , βT )
and by Lemma 3.1 gcd(αT , βT ) divides 2
1432. Therefore uT divides 8. Observe that
(5.10) v2(αT ) = v2
(
a4 + 16a3b+ 80a2b2 + 128ab3 + 256b4
)
=


0 if v2(a) = 0
4 if v2(a) = 1
8 if v2(a) ≥ 2.
Consequently, uT 6= 8 and thus uT divides 4.
Suppose uT = 4. Then 4
4|αT , 46|βT , and 412|γT . By (5.10), 44|αT if and only if v2(a) ≥ 2.
Then
(5.11) 24 ≤ v2(γT ) = 2v2(a) + 2v2(a+ 8b) + 4v2(a+ 4b) .
Case I. Suppose v2(a) ≥ 4. Then v2(γT ) = 2v2(a) + 14 and thus inequality (5.11) holds
if and only if v2(a) ≥ 5. Under this assumption v2(αT ) = 8 by (5.10) and thus v2(βT ) = 12 by
Lemma 5.3. In particular, 4−6βT is odd and by Theorem 5.1 we must have 4
−6βT ≡ −1 mod 4.
But 4−6βT ≡ b6 mod 4 and so 4−6βT ≡ 1 mod 4 and by Theorem 5.1 we conclude that there is
no integral Weierstrass model having invariants c4 = 4
−4αT and c6 = 4
−6βT .
Case II. Suppose v2(a) = 3 and write a = 8aˆ for some odd integer aˆ. Then v2(γT ) =
20 + 2v2(aˆ+ b) and so inequality (5.11) holds if and only if v2(aˆ+ b) ≥ 2. By same argument
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as in Case I we have that 4−4 · βT is odd by Lemma 5.3. By Theorem 5.1 we must have
4−6βT ≡ −1 mod 4. But
4−6βT ≡ 2aˆ2b4 + 2aˆb5 + b6 mod 4
≡ 3 + 2aˆb mod 4
≡ 1 mod4
since 2k ≡ 2 mod 4 for odd integers k. In particular, there is no integral Weierstrass model
having invariants c4 = 4
−4αT and c6 = 4
−6βT .
Case III. Suppose v2(a) = 2 and write a = 4aˆ for some odd integer aˆ. Then v2(γT ) = 16+
4v2(aˆ+ b) and so inequality (5.11) holds if and only if v2(aˆ+ b) ≥ 2. Observe that v2(aˆ+ b) ≥ 2
is equivalent to v2(a+ 4b) ≥ 4. Under these assumptions 4−4 ·βT is odd by Lemma 5.3. Moreover,
4−4 · βT ≡ −aˆ6 mod 4
≡ −1 mod 4.
By Theorem 5.1 it suffices to show that v3
(
4−4 · βT
) 6= 2 to deduce that the minimal discriminant
of ET is 4
−12γT if and only if v2(a) = 2 and v2(a+ 4b) ≥ 4. Since v3
(
4−4 · βT
)
= v3(βT ) and βT
is the invariant c6 of the integral Weierstrass model ET we conclude that v3(βT ) 6= 2 by Theorem
5.1 which concludes the proof of (iii).
Consequently, uT divides 2 if and only if v2(a) 6= 2 or v2(a+ 4b) < 4. We now show (i) and
(ii) by considering several cases.
Case I. Suppose v2(a) = 2 with v2(a+ 4b) ≤ 3. This implies that v2(a+ 4b) = 3 and
v2(γT ) = 20. Hence v2(βT ) ≥ 6 by the identity 1728γT = α3T − β2T . By Theorem 5.1, there
is an integral Weierstrass model having invariants c4 = 2
−4αT and c6 = 2
−6βT if and only
if 2−6βT ≡ 0, 8 mod 32 and v3
(
2−6βT
) 6= 2. Since v3(2−6βT ) = v3(βT ) and v3(βT ) 6= 2 by
Theorem 5.1 it suffices to verify the congruence modulo 32. To this end, let a = 8k− 4b for some
odd integer k and with this substitution it is easily checked that βT ≡ 0 mod 32 which shows
that if v2(a) = 2 with v2(a+ 4b) ≤ 3, then the minimal discriminant of ET is 2−12γT .
Case II. Suppose v2(a) ≥ 3. Then
v2(γT ) = 2v2(a) + 2v2(a+ 8b) + 4v2(a+ 4b) ≥ 20
and so v2(βT ) ≥ 6 from the identity 1728γT = α3T − β2T . By Theorem 5.1, there is an inte-
gral Weierstrass model having invariants c4 = 2
−4αT and c6 = 2
−6βT if and only if 2
−6βT ≡
0, 8 mod 32 and v3
(
2−6βT
) 6= 2. As before, it suffices to verify the congruence modulo 32. Write
a = 8aˆ for some integer aˆ and observe that 2−6βT ≡ 0 mod 32. Thus v2(a) ≥ 3 implies that the
minimal discriminant of ET is 2
−12γT .
Case III. Suppose v2(a) = 1. Then
v2(γT ) = 2v2(a) + 2v2(a+ 8b) + 4v2(a+ 4b) = 8
and so v2(γT ) < 12. In particular, the minimal discriminant of ET is γT .
Case IV. Suppose v2(a) = 0. Then v2(αT ) = 0 and so the minimal discriminant of ET is
γT .
We conclude that (i) and (ii) hold since these cases exhaust all possibilities of a and b with
the assumption that v2(a) 6= 2 or v2(a+ 4b) < 4. 
5.11. Proof of Theorem 4.4 for T = C2 ×C6.
Theorem 4.4 for T = C2 ×C6. The minimal discriminant ofET is u
−12
T γT with uT ∈ {1, 4, 16}.
Moreover,
(i) uT = 1 if and only if v2(a+ b) = 0;
(ii) uT = 4 if and only if v2(a+ b) ≥ 2;
(iii) uT = 16 if and only if v2(a+ b) = 1.
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Proof. By Lemma 3.2 there is a unique positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET =
u−12T γT since ET is given by an integral Weierstrass model. In particular, u
4
T divides gcd(αT , βT )
and by Lemma 3.1 gcd(αT , βT ) divides 2
3134 and gcd(βT , γT ) divides 2
5633. Therefore uT divides
27. Since αT ≡ a8+b8 mod 2, we deduce that αT is even if and only if a+b is even. In particular,
a and b are both odd since a and b are relatively prime.
Suppose v2(a+ b) = 0. Then αT is odd and therefore by the above ET is a global minimal
model for ET if v2(a+ b) = 0. This is the converse of (i).
Now consider the admissible change of variables x 7−→ u2x and y 7−→ u3y from ET onto the
elliptic curve EuT given by the Weierstrass model
Eu : y
2 − a1
u
xy +
2a3
u3
y = x3 +
2a2
u2
x2 where(5.12)
a1 = 19a
2 − 2ab− b2
a2 = a (b− a)2 (b− 5a)
a3 = a (b− 5a) (b− 3a) (3a+ b) (b− a)2 .
Now suppose v2(a+ b) = 1 and write b = 2k − a for some odd integer k. Then
v2(γT ) = 6 + 2v2((b− 9a) (b− 3a) (3a+ b)) + 6v2((b− 5a) (b − a)) .
We claim that v2(γT ) ≥ 48. Note that
(b− 5a) (b − a) = (2k − 6a) (2k − 2a) = 4 (k2 − 4ak + 3a2) .
Since odd squares are congruent to 1 modulo 8, we deduce
k2 − 4ak + 3a2 ≡ 4− 4ak mod 8.
But 4n ≡ 4 mod 8 for all odd integers n and thus (b− 5a) (b− a) ≡ 0 mod32. In particular,
v2((b− 5a) (b− a)) ≥ 5. Next,
(b− 9a) (b− 3a) (3a+ b) = (2k − 10a) (2k − 4a) (2k + 2a)
= 8
(
k3 − 6ak2 + 3a2k + 10a3) .
Since
k3 − 6ak2 + 3a2k + 10a3 ≡ 4k + 4a mod 8
≡ 0 mod 8.
we deduce that v2((b− 9a) (b− 3a) (3a+ b)) ≥ 6. Hence v2(γT ) ≥ 48.
Now let αT = PQ where P is the factor of degree 2 and Q is the factor of degree 6. Then
P ≡ −4 (a2 − 4ak − k2) mod 25
Q ≡ −64 (a2 + 4ak − k2)3 mod 213.
Thus P ≡ 16 mod 32 and Q ≡ 212 mod 213 since a2±4ak−k2 ≡ 4 mod 8 and 2l−1j ≡ 2l−1 mod 2l
for all odd integers j and positive integers l. Therefore v2(αT ) = 16 and by Lemma 5.3 we have
that v2(βT ) = 24. In particular, 16
−4αT and 16
−6βT are odd integers. Moreover, 16
−4αT and
16−6βT are the invariants c4 and c6, respectively of the elliptic curve Eu in (5.12) with u = 16.
We claim that Eu is given by an integral Weierstrass model. Indeed,
a1 ≡ 3a2 − 2a (2k − a)− (2k − a)2 mod 16
≡ 4a2 − 4k2 mod 16
≡ 0 mod 16 since 4l ≡ 4 mod 16 for odd integers l.
We have established that (b− 5a) (b− a) ≡ 0 mod 32. Thus v2
(
(b− 5a) (b− a)2
)
≥ 7 since
b − a ≡ 0 mod 4 is a consequence of the assumption a + b ≡ 2 mod 4. In particular, 16−2 · 2a2
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is an integer. To show that 16−3 · 2a3 is an integer, we observe that 3a + b ≡ 0 mod 4 and so
v2(a3) ≥ 11 which shows that Eu for u = 16 is an integral Weierstrass model. We conclude that
the model is a global minimal model for ET since its invariant c4 is odd. Hence, if v2(a+ b) = 1,
then the minimal discriminant of ET is 16
−12γT . This is the converse of (iii).
Next, suppose v2(a+ b) ≥ 2 and write a+ b = 4k for some integer k. Then b− a = 4k− 2a ≡
2 mod 4 since a is odd. Since b − 5a and b − 9a are congruent to b − a mod 4 we have that
v2(b− a) = v2(b− 5a) = v2(b− 9a) = 1. Therefore
v2(γT ) = 6 + 2v2((b− 9a) (b− 3a) (3a+ b)) + 6v2((b− 5a) (b− a))
= 20 + 2v2((b− 3a) (3a+ b))
Since (b− 3a) (b+ 3a) is a difference of odd squares, it follows that it is divisible by 8 which
implies that v2(γT ) ≥ 26.
As before, let αT = PQ where P is the factor of degree 2 and Q is the factor of degree 6.
Then
P ≡ 4a2 mod 8 = 4 mod 8
Q ≡ 64a2 mod 128 = 64 mod 128.
Therefore v2(αT ) = 8 and consequently v2(βT ) = 24 by Lemma 5.3. In particular, 4
−4αT and
4−6βT are odd integers and they are the invariants c4 and c6, respectively of the Weierstrass
model of Eu for u = 4. We claim that Eu is an integral Weierstrass model. Indeed,
a1 = 19a
2 − 2ab− b2 = 20a2 − 16k2 ≡ 0 mod 4
a2 = a (b− a)2 (b− 5a) ≡ 0 mod 8
a3 = a (b− 5a) (b− 3a) (b+ 3a) (b− a)2 ≡ 0 mod 64.
This shows that Eu with u = 4 is a global minimal model for ET if v2(a+ b) ≥ 2 since the
invariant of the model is odd. This is the converse of (ii).
Since the converse of (i) , (ii) , and (iii) exhaust all possibilities for v2(a+ b) we get that the
forward implication in each hold as well, which concludes the proof. 
5.12. Proof of Theorem 4.4 for T = C2 ×C8.
Theorem 4.4 for T = C2 ×C8. The minimal discriminant ofET is u
−12
T γT with uT ∈ {1, 16, 64}.
Moreover,
(i) uT = 1 if and only if a is odd;
(ii) uT = 16 if and only if v2(a) = 1;
(iii) uT = 64 if and only if v2(a) ≥ 2.
Proof. By Lemma 3.2 there is a unique positive integer uT such that u
4
T |αT , u6T |βT , and ∆minET =
u−12T γT since ET is given by an integral Weierstrass model. In particular, u
4
T divides gcd(αT , βT )
and by Lemma 3.1 gcd(αT , βT ) divides 2
4932 and so uT divides 2
12.
Observe that αT is even if and only if a is even since αT ≡ a16 mod 2. In particular, if a
is odd, then γT is the minimal discriminant of ET which gives the converse of (i). Next, let
x 7−→ u2x and y 7−→ u3y be the admissible change of variables from ET onto the elliptic curve
Eu given by the Weierstrass model
Eu : y
2 − a
4
u
xy +
8a3
u3
y = x3 − 4a2
u2
x2 where
a1 = a
4 + 8a3b+ 24a2b2 − 64b4
a2 = ab
2 (a+ 2b) (a+ 4b)
2 (
a2 + 4ab+ 8b2
)
a3 = ab
3 (a+ 2b) (a+ 4b)
3 (
a2 − 8b2) (a2 + 4ab+ 8b2) .
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We will prove the converse of (ii) and (iii) by demonstrating that Eu is a global minimal model
for ET under the assumptions on a. Note that if a is even, then
v2(γT ) = 8 + 8v2(a (a+ 2b) (a+ 4b)) + 2v2
((
a2 − 8b2) (a2 + 8ab+ 8b2))(5.13)
+ 4v2
(
a2 + 4ab+ 8b2
)
Now suppose v2(a) = 1. Then
4v2
(
a2 + 4ab+ 8b2
)
= 8 8v2(a (a+ 4b)) = 16
2v2
((
a2 − 8b2) (a2 + 8ab+ 8b2)) = 8 8v2(a+ 2b) ≥ 16.
Therefore v2(γT ) ≥ 56. Next, we observe that
αT ≡ 216k16 mod 217
for some odd integer k and so v2(αT ) = 16. Consequently, v2(βT ) = 24 by Lemma 5.3 and thus
16−4αT and 16
−6βT are odd integers and they are the invariants c4 and c6, respectively of the
Weierstrass model for Eu with u = 16. We claim that Eu is an integral Weierstrass model. By
inspection, v2(a1) ≥ 4, v2(a2) ≥ 7, and v2(a3) ≥ 10. Therefore Eu is an integral Weierstrass
model and therefore it is a global minimal model for ET when v2(a) = 1 since its invariant c4 is
odd. This shows the converse of (ii).
Suppose v2(a) ≥ 2 so that a = 4k for some integer k. Observe that v2(γT ) ≥ 72 since
2v2
((
a2 − 8b2) (a2 + 8ab+ 8b2)) = 12 8v2(a (a+ 2b)) = 24
4v2
(
a2 + 4ab+ 8b2
)
= 12 8v2(a+ 4b) ≥ 16
Since αT ≡ 224b16 mod 225 we deduce that v2(αT ) = 24 and thus v2(βT ) = 36 by Lemma
5.3. In particular, 2−24αT and 2
−36βT are odd integers and they are the invariants c4 and
c6, respectively of the Weierstrass model for Eu with u = 64. By inspection, we observe that
v2(a1) ≥ 6, v2(a2) ≥ 10, and v2(a3) ≥ 15. Therefore Eu is an integral Weierstrass model and
therefore it is a global minimal model for ET when v2(a) ≥ 2 since its invariant c4 is odd. This
shows the converse of (iii).
Since the converse of (i) , (ii) , and (iii) exhaust all possibilities for v2(a) , we get that the
forward implication in each holds as well, which concludes the proof. 
6. Global Minimal Models
Theorem 6.1. Let uT be as given in Theorem 4.4 and let E
′
T be the elliptic curve attained from
ET via the admissible change of variables x 7−→ u2Tx+ rT and y 7−→ u3T y + u2T sTx where
rT =


1 if T = C2 with v2(b) ≥ 3 and a ≡ 7 mod8
−3 if T = C2 with v2(b) ≥ 3 and a ≡ 3 mod8
0 otherwise.
sT =


0 if T 6= C2, C4, C2 × C2 or T = C4 with uT = c or T = C2, C2 × C2 with uT = 1
1 if T = C2 × C2 with uT = 2 or T = C2 with v2(b) ≥ 3 and a ≡ −1 mod 4
2 if T = C2 with uT 6= 1 and v2(b) = 1
2c if T = C4 with uT = 2c
Then E′T is a global minimal model for ET .
Proof. In the proof of Theorem 4.4 it was shown that E′T is a global minimal model for ET if
T 6= C2, C4, C2 × C2, C2 × C4. We now consider each of these cases separately.
Let T = C2 and observe that if uT = 1, then E
′
T = ET is a global minimal model. We now
consider the remaining cases in Theorem 4.4 for when uT 6= 1.
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Case I. Suppose v2(b) ≥ 3 and a ≡ 7 mod 8 and write b = 8bˆ and a = 8k + 7 for some
integers bˆ and k. Then a ≡ −1 mod 4 and uT = 2 by Theorem 4.4. Since
E′T : y
2 + xy = x3 + (4k + 4)x2 +
(
4k2 − 4bˆ2d+ 9k + 5
)
x+ k2 + 2k + 1− b2
is an integral Weierstrass model we conclude that E′T is a global minimal model for ET .
Case II. Suppose v2(b) ≥ 3 and a ≡ 3 mod 8 and write b = 8bˆ and a = 8k + 3 for some
integers bˆ and k. Then a ≡ −1 mod 4 and uT = 2 by Theorem 4.4. Since
E′T : y
2 + xy = x3 + (4k − 1)x2 + (4k2 − 4b2d− 3k)x+ 3b2d− 3k2
is an integral Weierstrass model we conclude that E′T is a global minimal model for ET .
Case III. Suppose uT 6= 1 and v2(b) = 1. Then
(6.1) E′T : y
2 +
4
uT
xy = x3 +
2a− 4
u2T
x2 − b
2d− a2
u4T
x.
Subcase I. Suppose uT 6= 4, v2
(
b2d− a2) ≥ 4, and v2(a) = v2(b) = 1. Then uT = 2
and thus E′T is an integral Weierstrass model. Hence E
′
T is a global minimal model for ET .
Subcase II. Suppose a = 3b and d = −3 with b a squarefree even integer not divisible
by 3. Then uT = 2. Now write b = 2bˆ for some odd integer bˆ and observe that E
′
T is a global
minimal model for ET since
E′T : y
2 + 2xy = x3 +
(
3bˆ− 1
)
x2 + 3bˆ2x.
Subcase III. Suppose v2
(
b2d− a2) ≥ 8 with v2(a) = v2(b) = 1 and 2−1a ≡ 1 mod 4.
This is equivalent to uT = 4 by Theorem 4.4. It follows that the Weierstrass coefficients a1 and
a4 in (6.1) are integers under these assumptions. By assumption a = 2aˆ for some integer aˆ with
aˆ− 1 ≡ 0 mod 4. Therefore the Weierstrass coefficient a2 in (6.1) is an integer and thus E′T is a
global minimal model for ET .
Next, let T = C4 and observe that if uT = c, then E
′
T is given by the integral Weierstrass
model (5.4). In particular, E′T is a global minimal model for ET . By Theorem 4.4, uT = 2c is
equivalent to v2(a) ≥ 8 is even with bd ≡ 3 mod 4. Then
E′T : y
2 +
(
cd
2
+ 1
)
xy − bcd
2
8
y = x3 − bd+ cd+ 1
4
x2 +
bcd2
16
x.
Since a = c2d with d a squarefree integer we deduce that v2(c) ≥ 4 which implies that E′T is a
global minimal model for ET since bd+ cd+ 1 ≡ 0 mod 4.
Next, let T = C2 × C2 and observe that if uT = 1, then E′T = ET is a global minimal model.
Since uT = 2 is equivalent to v2(a) ≥ 4 and bd ≡ 1 mod 4. These assumptions imply that E′T is
a global minimal model for ET since
E′T : y
2 + xy = x3 +
ad+ bd− 1
4
x2 +
abd2
16
x.
Lastly, let T = C2 × C4 and observe that
E′T : y
2 +
a
uT
xy − ab (a+ 4b)
u3T
y = x3 − b (a+ 4b)
u2T
x2.
Case I. If uT = 1, then E
′
T = ET is a global minimal model.
Case II. If uT = 2, then v2(a) ≥ 2 and v2(a+ 4b) < 4. It follows that E′T is given by an
integral Weierstrass model and thus E′T is a global minimal model for ET .
Case III. If uT = 4, then v2(a) = 2 and v2(a+ 4b) ≥ 4. This implies that E′T is a global
minimal model for ET . 
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7. Necessary and Sufficient Conditions for Semistability of ET
Theorem 7.1. Assume the statement of Theorem 4.4. Assume further that the j-invariant of
ET is not equal to 0 or 1728. Then ET with T = C2 × C8 is semistable and ET is semistable if
and only if
Table 3. Semistablity of ET
Necessary and Sufficient Conditions for Semistablity of ET T
gcd(a, bd) |2 and either uT = 4 or v2(b) ≥ 3 with a ≡ −1 mod4. C2
a is a cube and 3 does not divide a. C3
a is a square and either a is odd or v2(a) ≥ 8 is even with b ≡ 3 mod 4. C4
v5(a+ 3b) = 0. C5
v3(a) = 0 and v2(a+ b) 6= 1, 2. C6
v7(a+ 4b) = 0. C7
v2(a) ≤ 1. C8
v3(a+ b) = 0. C9
v5(a+ b) = 0. C10
v3(a) = 0. C12
d = 1 and v2(a) ≥ 4 with b ≡ 1 mod 4. C2 × C2
either a is odd or v2(a) = 2 with v2(a+ 4b) ≥ 4. C2 × C4
v3(b) = 0. C2 × C6
In particular, if for T = C2 × C6 and T = CN where N = 5, 7, 8, 9, 10, 12, the equivalence
above is not satisfied, then ET has additive reduction at p where p is the prime that appears
in the valuation vp above. For the remaining T we have the following necessary and sufficient
conditions for additive reduction to occur at a prime p:
(T = C2) ET has additive reduction at each odd prime p dividing gcd(a, bd). In addition, ET
has additive reduction at p = 2 if and only if uT = 1 or v2
(
b2d− a2) ≥ 4 with v2(a) = v2(b) = 1.
(T = C3) ET has additive reduction at all primes dividing de. In addition, ET has additive
reduction at 3 if and only if v3(a) > 0.
(T = C4) ET has additive reduction at all primes dividing d. In addition, ET has additive
reduction at 2 if and only if a is even and uT = c.
(T = C6) ET has additive reduction at 2 (resp. at 3) if and only if v2(a+ b) = 1, 2 (resp.
v3(a) > 0).
(T = C2 × C2) ET has additive reduction at all primes dividing d. In addition, ET has additive
reduction at 2 if and only if v2(a) < 4 or bd 6≡ 1 mod 4.
(T = C2 × C4) ET has additive reduction at 2 if and only if v2(a+ 4b) < 4 with a even.
Proof. We first consider the case when T 6= C2, C3, C4, or C2 ×C2. For these T , let S be the set
of primes at which ET can have additive reduction. By Theorem 3.3, we have:
(7.1)
T C5 C7 C8 C9 C10 C12 C2 × C4 C2 × C6 C2 × C8
S {5} {7} {2} {3} {5} {2, 3} {2} {2, 3} {2}
Let uT be as given in Theorem 4.4. Then the minimal discriminant of ET is u
−12
T γT and the
invariant c4 associated to a global minimal model of ET is u
−4
T αT . In particular, ET has additive
reduction at a prime p if and only if p divides both u−4T αT and u
−12
T γT . In what follows we will
proceed by cases and reduce u−4T αT and u
−12
T γT modulo p for p ∈ S where S is as given in (7.1).
Suppose T = C5. Then uT = 1 and we verify that
αT ≡ (a+ 3b)4 mod 5 and γT ≡ 4a5b5 (a+ 3b)2 mod 5.
30 ALEXANDER J. BARRIOS
Therefore ET has additive reduction at 5 if and only if 5 divides a+ 3b.
Suppose T = C6. By Theorem 4.4, uT is either 1 or 2. Note that v3(αT ) = v3
(
u−4T αT
)
and
v3(γT ) = v3
(
u−12T γT
)
. Therefore ET has additive reduction at 3 if and only if 3 divides a since
αT ≡ a4 mod 3 and γT ≡ a3b6 (a+ b)
(
a2 − ab+ b2) mod 3.
It remains to verify that additive reduction occurs at 2 if and only if v2(a+ b) = 1, 2.
Case I. Suppose uT = 1. Then v2(a+ b) < 3 and we have that
αT ≡ (a+ b)4 mod 2 and γT ≡ a2b6 (a+ b)6 mod 2.
Thus ET has additive reduction at 2 if v2(a+ b) = 1, 2.
Case II. Suppose uT = 2 so that v2(a+ b) ≥ 3. Write b = 8k − a for some integer k
and we have that u−4T αT ≡ a4 mod 2 and so the invariant c4 of the global minimal model of
ET is odd and thus ET is semistable at 2. Thus ET has additive reduction at 2 if and only if
v2(a+ b) = 1, 2.
Next, suppose T = C7. Then uT = 1 and ET has additive reduction at 7 if and only if
v7(a+ 4b) > 0 since
αT ≡ (a+ 4b) (a+ 2b)7 mod 7 and γT ≡ 6a7b7 (a+ 4b)3 (a− b)7 mod 7.
Suppose T = C8. Then uT is either 1 or 2.
Case I. Suppose uT = 1 so that v2(a) 6= 1. Then ET has additive reduction at 2 if
v2(a) > 1 since
αT ≡ a8 mod 2 and γT ≡ a8b8 (a+ b)8 mod 2.
Case II. Suppose uT = 2 so that v2(a) = 1. Then u
−4
T αT ≡ b8 mod 2 and thus the
invariant c4 of the global minimal model of ET is odd which shows that ET is semistable at 2.
We conclude that ET has additive reduction at 2 if and only if v2(a) > 1.
Suppose T = C9. Then uT = 1 and ET has additive reduction at 3 if and only if 3 divides
a+ b since
αT = (a+ b)
12 mod 3 and γ = 2a9b9
(
a2 − b2)9 mod 3.
Suppose T = C10. Then uT is either 1 or 2. Since v5(αT ) = v5
(
u−4T αT
)
and v5(γT ) =
v5
(
u−12T γT
)
, it suffices to consider αT and γT modulo 5. Consequently, To this end, ET has
additive reduction at 5 if and only if 5 divides a+ b since
αT ≡ (a+ b)12 mod 5 and γT ≡ a5b10 (a+ b)6
(
a15 + a10b5 + 3b15
)
mod 5.
Suppose T = C12. Then uT is either 1 or 2. By Corollary 8.1, u
−4
T αT is always odd and
therefore ET is semistable at 2. Since v3(αT ) = v3
(
u−4T αT
)
and v3(γT ) = v3
(
u−12T γT
)
, we
conclude that ET has additive reduction at 3 if and only if 3 divides a since αT ≡ a16 mod 3 and
a is a factor of γT .
Suppose T = C2 × C4. Then uT is either 1, 2, or 4.
Case I. Suppose uT = 1 so that v2(a) ≤ 1. Then ET has additive reduction at 2 if and
only if v2(a) = 1 since αT is even if and only if a is even and γT is even with this assumption.
Case II. Suppose uT = 2 so that v2(a) ≥ 2 with v2(a+ 4b) < 4. Write a = 4k for some
integer k. Then u−4T αT and u
−12
T γT are verified to be even and so we have that ET has additive
reduction at 2.
Case III. Suppose uT = 4 so that v2(a) = 2 with v2(a+ 4b) ≥ 4. Write a = 16k − 4b
for some integer k and observe that u−4T αT ≡ b4 mod 2. Since b is odd, it follows that ET is
semistable at 2.
We conclude that ET has additive reduction at 2 if and only if a is even and v2(a+ 4b) < 4.
Suppose T = C2 × C6. Then uT is either 1, 4, or 16. By Corollary 8.1, u−4T αT is always odd,
and so ET is semistable at 2. Since v3(αT ) = v3
(
u−4T αT
)
and v3(γT ) = v3
(
u−12T γT
)
, we conclude
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that ET has additive reduction at 3 if and only if 3 divides b since αT ≡ b8 mod 3 and b is a
factor of γT .
Suppose T = C2 × C8. Since u−4T αT is always odd by Corollary 8.1, we conclude that ET is
semistable at all primes.
It remains to show the Theorem for T = C2, C3, C4, C2 × C2.
Suppose T = C2. The minimal discriminant of ET is ∆
min
ET
= u−12T γT where uT is one of the
possibilities allowed by Theorem 4.4. Then c4 = u
−4
T αT is the invariant associated with a global
minimal model of ET . Since gcd(αT , γT ) divides 2
10 gcd
(
a6, b6d3
)
by Lemma 3.1 we deduce that
if ET has additive reduction at an odd prime p, then p divides gcd(a, bd). The converse holds
since vp(αT ) = vp(c4) and vp(γT ) = vp
(
∆minET
)
. Indeed, if p divides gcd(a, bd), then p divides
gcd(αT , γT ). It remains to check when additive reduction occurs at p = 2.
Case I. Suppose uT = 1. Then αT and γT are even and thus ET has additive reduction
at 2.
Case II. Suppose uT = 2. Then v2
(
b2d− a2) ≥ 4 with v2(a) = v2(b) = 1 or v2(b) ≥ 3
and a ≡ −1 mod 4.
Subcase I. First suppose v2
(
b2d− a2) ≥ 4 with v2(a) = v2(b) = 1. Write a2 =
b2d− 16k for some integer k and observe that
u−4T αT = 4b
2d− 16k and u−12T γT = 4b2dk2.
Hence ET has additive reduction at 2.
Subcase II. Suppose v2(b) ≥ 3 and a ≡ −1 mod 4. Write b = 8bˆ for some integer bˆ
and observe that
u−4T αT = 192bˆ
2d+ a2 and u−12T γT = bˆ
2d
(
64bˆ2d− a2
)2
.
Then u−4T αT is odd and thus ET is semistable at 2.
Case III. Suppose uT = 4 so that v2
(
b2d− a2) ≥ 8 with v2(a) = v2(b) = 1 and 2−1a ≡
1 mod 4. Write b = 2bˆ for some odd integer bˆ. Then a2 = 4bˆ2d − 28k for some integer k and
observe that
u−4T αT = bˆ
2d− 16k and u−12T γT = bˆ2dk2.
Since d is odd under these assumptions, we conclude that ET is semistable at 2.
Suppose T = C3. Write a = c
3d2e with d and e relatively prime positive squarefree integers.
By Theorem 4.4, the minimal discriminant of ET is u
−12
T γT with uT = c
2d. In particular,
(7.2) u−4T αT = cd
2e3 (a− 24b) and u−12T γT = d4e8b3 (a− 27b) .
By Lemma 3.1, gcd
(
u−4T αT , u
−4
T γT
)
divides 21536cde. Suppose ET has additive reduction at
a prime p > 3. Then p divides cde. We claim that p|de. Indeed, if p|c and p ∤ de, then
u−4T αT ≡ −24b mod p and so ET is semistable at p. Conversely, by (7.2) that ET has additive
reduction at every prime dividing de.
Since u−4T αT ≡ cd2e3a mod 3 and u−12T γT ≡ ad4e8b3 mod 3 we conclude that ET has additive
reduction at 3 if and only if 3 divides a. Similarly, ET has additive reduction at 2 if and only if
2 divides de since u−4T αT ≡ u−4T αT ≡ cd2e3a mod 2 and u−12T γT ≡ d4e8b3 (a+ b) mod 2.
Consequently ET is semistable at all primes if and only if de = 1 and a is not divisible by 3.
Suppose T = C4 and write a = c
2d for d a positive squarefree integer. By Theorem 4.4,
the minimal discriminant of ET is u
−12
T γT with where uT is either c or 2c. By Lemma 3.1,
gcd
(
c−4αT , c
−4γT
)
divides 212d2. Thus if ET has additive reduction at an odd prime p, then
p divides d. Since vp
(
c−4αT
)
= vp
(
(2c)
−4
αT
)
and vp
(
c−4γT
)
= vp
(
(2c)
−4
γT
)
for each odd
prime p, we have that the converse holds since
c−4αT = d
2
(
a2 + 16ab+ 16b2
)
and c−12γT = b
4c2d7 (a+ 16b) .
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Next, observe that c−4αT is even if and only if a is even and thus ET with uT = c has additive
reduction at 2 if and only if a is even.
Now suppose uT = 2c so that v2(a) ≥ 8 is even with bd ≡ 3 mod 4. Then c = 24k for some
integer k and
(2c)
−4
αT = b
2d2 + 256bd3k2 + 4096d4k4 ≡ 1 mod 4
since bd is odd. Hence ET is semistable at 2 if uT = 2c.
Lastly, suppose T = C2 × C2. By Theorem 4.4, the minimal discriminant of ET is u−12T γT
where uT is either 1 or 2. By Lemma 3.1, gcd(αT , γT ) divides 2
4d6. Since d divides both αT
and γT , we conclude that ET has additive reduction at an odd prime p if and only if p divides d.
Moreover, if uT = 1, both αT and γT are even and hence ET has additive reduction at 2.
So suppose uT = 2 so that v2(a) ≥ 4 and bd ≡ 1 mod4. Then
u−4T αT = d
2
(
a2 − ab+ b2) ≡ 1 mod 2
which implies that ET is semistable at 2. Thus, ET has additive reduction at 2 if and only if
uT = 1. 
Remark 7.2. If the j-invariant of ET is 0 or 1728, then ET has additive reduction at all primes
dividing the minimal discriminant ∆minET .
8. Corollaries and Examples
The following two statements are automatic consequence of the proof of Theorem 4.4.
Corollary 8.1. Let E be a rational elliptic curve with T →֒ E(Q) where T = C7, C9, C10, C12, C2×
C6, or C2 × C8. Then the invariants c4 and c6 associated to a global minimal model of E are
odd.
Corollary 8.2. Let E be a rational elliptic curve a rational point of order 3, 5, or 7. Then the
discriminant ∆ of E is minimal if and only if vp(∆) < 12 or vp(c4) < 4 for all primes p where
c4 is the invariant of the Weierstrass model of E.
For an arbitrary elliptic curve, this is only true for primes p ≥ 5 [13, Remark VII.1.1].
Corollary 8.3. Let E be a rational elliptic curve. If E has additive reduction at three or more
primes, then E(Q)
tors
∼= CN for N ≤ 4 or E(Q)tors ∼= C2 × C2. If E has additive reduction at
two primes, then E(Q)
tors
can be embedded into C4, C6, or C2 × C2.
Proof. The elliptic curve y2 = x3 + 30 has additive reduction at the primes 2, 3, and 5 and has
trivial torsion subgroup. The Corollary now holds for the remaining T by Theorem 7.1. 
Remark 8.4. The previous corollary does not hold in arbitrary number fields. Indeed, suppose
E is an elliptic curve over a number field K with a K-torsion point of order n. If E has additive
reduction at two places with distinct residue characteristics, then E(K)tors divides 12 by Flexor
and Oesterle´’s theorem [5]. They also showed that this divisibility condition is sharp since the
elliptic curve y2 − 2y = x3 over K = Q(√−3) has additive reduction at two places and their
residue characteristic are 2 and 3. Moreover, E(K)tors
∼= C2 × C6.
Example 8.5. The elliptic curve
E : y2 = x3 − 1900650154752x+ 990015042347311104
has torsion subgroup E(Q)tors
∼= C2 × C4. The point P = (222288, 760596480) has order 4 and
placing E in Tate normal form with respect to P results in the elliptic curve
ETNF : y
2 + xy − 4585
36864
y = x3 − 4585
36864
x2.
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Now consider the elliptic curve Xt(C4) . It is clear that if t = 458536864 , then Xt(C4) is ETNF.
ThereforeE isQ-isomorphic to EC4(36864, 4585). Moreover, 36864 = 2
12·32 and 4585 ≡ 1 mod 4.
By Theorem 7.1, E has additive reduction at 2 and is semistable each odd prime p since c = 26 ·3
with the notation of Theorem 4.4. We also have that the minimal discriminant ∆minE of E and
associated invariants c4 and c6 are
∆minE =
(
26 · 3)−12 γC4(36864, 4585) = 216 · 32 · 54 · 74 · 832 · 1314
c4 =
(
26 · 3)−4 αC4(36864, 4585) = 24 · 274978321
c6 =
(
26 · 3)−4 βC4(36864, 4585) = −26 · 23 · 29 · 47 · 313 · 317 · 1439.
By Theorem 6.1,
Emin : y2 + 192xy − 880320y = x3 − 4585x2
is a global minimal model for E.
Example 8.6. Consider the elliptic curve E given by the Weierstrass equation
E : y2 = x3 − 19057987954261048752x+ 31955359661403338940204703104.
The point P = (2365794828, 10458914400000) is a torsion point of order 12 on E. Placing E in
Tate normal form with respect to P yields the Weierstrass equation
ETNF : y
2 +
6021
125
xy − 430408
1875
y = x3 − 430408
1875
x2.
In particular, ETNF is equal to Xt(C12) for some t. Therefore, we solve for t and attain
12t6 − 30t5 + 34t4 − 21t3 + 7t2 − t
(t− 1)4 =
430408
1875
and 1− −6t
4 + 9t3 − 5t2 + t
(t− 1)3 =
6021
125
.
Observe that the common rational solution to both equations is t = 116 and therefore E is
isomorphic over Q to EC12(6, 11). Since v3(6) > 0, we have by Theorem 7.1 that E only has
additive reduction at 3. Moreover, by Theorem 4.4 its minimal discriminant and invariants c4
and c6 associated to a global minimal model are
∆minC12 = 2
−12γC12(6, 11) = 2
18 · 37 · 512 · 1112 · 61 · 674 · 733
c4 = 2
−4αC12(6, 11) = 3
2 · 23 · 107 · 227 · 27361 · 320687
c6 = 2
−6βC12(6, 11) = −33 · 503 · 769 · 47221 · 18748939480561.
Lastly,
Emin : y2 + 18063xy− 12105225000y = x3 − 32280600x2
is a global minimal model for E by Theorem 6.1.
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9. ET and its Associated Invariants
Table 4. Weierstrass Model of ET
where ET : y
2 + a1xy + a3y = x
3 + a2x
2 + a4x
a1 a2 a3 a4 T
0 2a 0 a2 − b2d C2
0 0 a 0 C03
a 0 a2b 0 C3
a −ab −a2b 0 C4
a− b −ab −a2b 0 C5
a− b −ab− b2 −a2b− ab2 0 C6
a2 + ab− b2 a2b2 − ab3 a4b2 − a3b3 0 C7
−a2 + 4ab− 2b2 −a2b2 + 3ab3 − 2b4 −a3b3 + 3a2b4 − 2ab5 0 C8
a3 + ab2 − b3 (a
4b2 − 2a3b3+
2a2b4 − ab5)
(a7b2 − 2a6b3+
2a5b4 − a4b5) 0 C9
(a3 − 2a2b−
2ab2 + 2b3)
−a3b3 + 3a2b4 − 2ab5 (−a
6b3 + 6a5b4 − 12a4b5+
9a3b6 − 2a2b7) 0 C10
(−a4 + 2a3b + 2a2b2−
8ab3 + 6b4)
(a7b− 9a6b2 + 36a5b3−
83a4b4 + 119a3b5−
106a2b6 + 54ab7 − 12b8)
(−a11b+ 12a10b2 − 66a9b3+
219a8b4 − 485a7b5 + 748a6b6−
812a5b7 + 611a4b8 − 304a3b9+
90a2b10 − 12ab11)
0 C12
0 ad+ bd 0 abd2 C2 × C2
a −ab− 4b2 −a2b− 4ab2 0 C2 × C4
−19a2 + 2ab+ b2 (−10a
4 + 22a3b−
14a2b2 + 2ab3)
(90a6 − 198a5b+ 116a4b2+
4a3b3 − 14a2b4 + 2ab5) 0 C2 × C6
(−a4 − 8a3b−
24a2b2 + 64b4)
(−4a6b2 − 56a5b3−
320a4b4 − 960a3b5−
1536a2b6 − 1024ab7)
(8a9b3 + 144a8b4 + 1024a7b5+
3328a6b6 + 2048a5b7−
21504a4b8 − 77824a3b9−
114688a2b10 − 65536ab11)
0 C2 × C8
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Table 5. The Polynomials αT
αT T
16
(
3b2d+ a2
)
C2
a3 (a− 24b) C3
a2
(
a2 + 16ab+ 16b2
)
C4(
a4 + 12a3b+ 14a2b2 − 12ab3 + b4) C5
(a+ 3b)
(
a3 + 9a2b+ 3ab2 + 3b3
)
C6(
a2 − ab+ b2) (a6 + 5a5b− 10a4b2 − 15a3b3 + 30a2b4 − 11ab5 + b6) C7(
a8 − 16a7b+ 96a6b2 − 288a5b3 + 480a4b4 − 448a3b5 + 224a2b6 − 64ab7 + 16b8) C8(
a3 − 3ab2 + b3) (a9 − 9a7b2 + 27a6b3 − 45a5b4 + 54a4b5 − 48a3b6 + 27a2b7 − 9ab8 + b9) C9
(a12 − 8a11b+ 16a10b2 + 40a9b3 − 240a8b4 + 432a7b5 − 256a6b6 − 288a5b7 + 720a4b8 − 720a3b9 + 416a2b10 − 128ab11 + 16b12) C10(
a4 − 6a3b+ 12a2b2 − 12ab3 + 6b4) (a12−18a11b+144a10b2−684a9b3+2154a8b4−4728a7b5+7368a6b6−8112a5b7+6132a4b8−
3000a3b9 + 864a2b10 − 144ab11 + 24b12)
C12
16d2
(
a2 − ab+ b2) C2 × C2
a4 + 16a3b+ 80a2b2 + 128ab3 + 256b4 C2 × C4(
21a2 − 6ab+ b2) (6861a6 − 2178a5b− 825a4b2 + 180a3b3 + 75a2b4 − 18ab5 + b6) C2 × C6
(a16 + 32a15b + 448a14b2 + 3584a13b3 + 17664a12b4 + 51200a11b5 + 51200a10b6 − 237568a9b7 − 1183744a8b8 − 1900544a7b9 +
3276800a6b10 + 26214400a5b11 + 72351744a4b12 + 117440512a3b13 + 117440512a2b14 + 67108864ab15+ 16777216b16)
C2 × C8
Table 6. The Polynomials βT
βT T
−64a (9b2d− a2) C2
a4
(−a2 + 36ab− 216b2) C3
a3 (a+ 8b)
(−a2 − 16ab+ 8b2) C4
− (a2 + b2) (a4 + 18a3b + 74a2b2 − 18ab3 + b4) C5
− (a2 + 6ab− 3b2) (a4 + 12a3b + 30a2b2 + 36ab3 + 9b4) C6
−(a12 + 6a11b− 15a10b2 − 46a9b3 + 174a8b4 − 222a7b5 + 273a6b6 − 486a5b7 + 570a4b8 − 354a3b9 + 117a2b10 − 18ab11 + b12) C7
− (a4 − 8a3b+ 16a2b2 − 16ab3 + 8b4) (a8 − 16a7b+ 96a6b2 − 288a5b3 + 456a4b4 − 352a3b5 + 80a2b6 + 32ab7 − 8b8) C8
continued on next page
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Table 6. continued
βT T
−(a18 − 18a16b2 + 42a15b3 + 27a14b4 − 306a13b5 + 735a12b6 − 1080a11b7 + 1359a10b8 − 2032a9b9 + 3240a8b10 − 4230a7b11 +
4128a6b12 − 2970a5b131359a10b8 − 570a3b15 + 135a2b16 − 18ab17 + b18)
C9
− (a2 − 2ab+ 2b2) (a4 − 2a3b+ 2b4) (a4 − 2a3b− 6a2b2 + 12ab3 − 4b4) (a8 − 6a7b + 4a6b2 + 48a5b3 − 146a4b4 + 176a3b5 −
104a2b6 + 32ab7 − 4b8)
C10
− (a8 − 12a7b+ 60a6b2 − 168a5b3 + 288a4b4 − 312a3b5 + 216a2b6 − 96ab7 + 24b8) (a16 − 24a15b + 264a14b2 + 8208a12b4 −
27696a11b5 + 70632a10b6 − 138720a9b7 + 211296a8b8 − 248688a7b9 + 222552a6b10 − 146304a5b11 + 65880a4b12 − 17136a3b13 +
1008a2b14 + 576ab15 − 72b16)
C12
−32d3 (a+ b) (a− 2b) (2a− b) C2 × C2
− (a2 + 8ab− 16b2) (a2 + 8ab+ 8b2) (a2 + 8ab+ 32b2) C2 × C4
− (183a4 − 36a3b− 30a2b2 + 12ab3 − b4) (393a4 − 156a3b+ 30a2b2 − 12ab3 + b4) (759a4 − 228a3b− 30a2b2 + 12ab3 − b4 C2 × C6
− (a8 + 16a7b+ 96a6b2 + 256a5b3 − 256a4b4 − 4096a3b5 − 12288a2b6 − 16384ab7 − 8192b8) (a8 + 16a7b + 96a6b2 + 256a5b3 +
128a4b4−1024a3b5−3072a2b6−4096ab7−2048b8)(a8+16a7b+96a6b2+256a5b3+512a4b4+2048a3b5+6144a2b6+8192ab7+4096b8)
C2 × C8
Table 7. The Polynomials γT
γT T
64b2d
(
b2d− a2)2 C2
a8b3 (a− 27b) C3
a7b4 (a+ 16b) C4
(ab)
5 (−a2 − 11ab+ b2) C5
a2b6 (a+ 9b) (a+ b)
3
C6
(ab)
7
(−a+ b)7 (a3 + 5a2b− 8ab2 + b3) C7
a2b8 (a− 2b)4 (a− b)8 (a2 − 8ab+ 8b2) C8
(ab)
9
(−a+ b)9 (a2 − ab+ b2)3 (a3 + 3a2b− 6ab2 + b3) C9
a5b10 (a− 2b)5 (a− b)10 (a2 + 2ab− 4b2) (a2 − 3ab+ b2)2 C10
a2b12 (a− 2b)6 (a− b)12 (a2 − 6ab+ 6b2) (a2 − 2ab+ 2b2)3 (a2 − 3ab+ 3b2)4 C12
16a2b2d6 (a− b)2 C2 × C2
continued on next page
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Table 7. continued
γT T
a2b4 (a+ 8b)
2
(a+ 4b)
4
C2 × C4
(2a)
6
(−9a+ b)2 (−3a+ b)2 (3a+ b)2 (−5a+ b)6 (−a+ b)6 C2 × C6
(2ab)
8
(a+ 2b)
8
(a+ 4b)
8 (
a2 − 8b2)2 (a2 + 8ab+ 8b2)2 (a2 + 4ab+ 8b2)4 C2 × C8
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